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Abstract

In this thesis we focus on designing protocols for quantum information processing tasks
that can be implemented with current photonic technologies. We start by providing the first
example of a communication model and a distributed task for which there exists a realistic
quantum protocol asymptotically more efficient than any classical protocol, both in terms
of communication and information resources. To this end, we extend the recently proposed
coherent state mapping for quantum communication protocols, study the use of coherent
state fingerprints over multiple channels and show their role in the design of an efficient
quantum protocol for estimating the Euclidean distance between two real vectors within a
constant factor.

In the second part of the thesis, we propose a new problem in one-way communication
model, Sampling Matching problem, for which there exists an exponential gap between
a realistic quantum protocol and any randomized classical protocol within bounded error.
We implement this problem using attenuated coherent states and linear optics, and show an
advantage in using quantum resources from very low input sizes to the problem. This new
proposal is a far simplified alternative to the previous problems in one-way communication
model due to it requiring O(1) linear optical elements for implementation. This facilitates
the implementation of the quantum protocol for arbitrarily large input sizes.

Then we introduce a private-key quantum money-scheme with the verification protocol
based on the Sampling Matching scheme. We look at the scheme when the Bank prepares
notes as single photon superposition states. The features of our scheme include single-round
classical interaction with the Bank, linear note re-usability, robustness against experimental
imperfection, and an unconditional security against an adversary trying to forge the Bank note.
We then follow up this work by proposing a practical quantum money-scheme when the Bank
prepares notes as attenuated coherent states. This is an experimentally motivated framework
which utilises the advantage offered by the Sampling Matching verification protocol that it
requires only O(1) linear optical elements for implementation.

Finally we introduce a programmable device whose input states control the the measure-
ment operation. In particular, our device is the generalised Sylvester-Hadamard operation to
discriminate two unknown coherent states in the setting of a single copy of one state (test
state), and M − 1 copies of the other state (reference state). Our distinguishing scheme
involves M linear optics components (50/50 beam splitters), and M − 1 single photon thresh-
old detectors. We show that our setting strictly improves the soundness in discriminating two
coherent states compared to the setting when one is provided only a single copy of the two
states.
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1 Introduction

1.1 A Brief History of Quantum Mechanics

Towards the end of the nineteenth century, classical physics, characterised by Newtonian laws
of mechanics, Maxwell’s theory of electromagnetism, and Boltzmann’s theory on statistical
mechanics, were deemed successful enough to explain most relevant physical phenomena.
Some physical phenomena which were still unexplained by these theories, were considered
marginal, or exceptions in the behaviour of nature. One such major absurdity was the famous
ultraviolet catastrophe, the classical theory prediction that a perfect black body emits infinite
intensity radiation at high ultraviolet frequencies, which was not true in the experiments
conducted in those times. This motivated Max Planck (1848-1947), regarded as one of
the founding fathers of quantum theory, to hypothesise that the radiating energy must be
discretised packets, which he termed quanta [Pla13]. This brought in the first wave of
revolution towards quantum mechanics.

Planck’s theory became widely accepted when Albert Einstein (1875-1955) provided an
explanation of the photo-electric effect using the discretised packets of energy (photons), the
phenomenon where applying an electromagnetic radiation beyond the threshold energy on
a metallic surface produces a current in the metal. Subsequently, in the decades from 1920
to 1940, thanks to the works of Neils Bohr, Louis De Broglie, Erwin Schrödinger, Werner
Heisenberg, Paul Dirac, Wolfgang Pauli and others, a major development took place into
formulating quantum mechanics from the initial quantum theory.

Quantum mechanics as a theory has some remarkable conceptual differences as compared
to the existing classical mechanics. Some of these concepts include:

(i) Randomness: Quantum mechanics has randomness as a fundamental element of the
theory. This is in contrast with classical mechanics models, under which the evolution
of a system is deterministic. The evolution of a quantum mechanical state is not
deterministic, and starting from exact same conditions, one may end up with different
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results. Note that this is not due to the imprecision of the measurement device, but
rather an intrinsic property of quantum mechanics.

(ii) Uncertainty: Another feature of quantum mechanics is that a measurement technique
interferes with the system, thus changing its state. This is due to Heisenberg’s uncer-
tainty principle, which states that the measurement of one conjugate quantity of the
quantum mechanical state with a certain accuracy inhibits the measurement of the other
conjugate quantity with the same accuracy. In classical mechanics, all the variables are
non-conjugate, and thus can be independently measured to arbitrary precision.

(iii) Wave-particle duality: In classical wave theory, a wave is the result of coherent
displacement of multiple particles. Some examples include sound waves, ocean waves,
electric and magnetic waves. However, quantum theory also exhibits this interference,
or in other words, even the discretised particles exhibit wave-like phenomena. This
forms the fundamental wave-particle duality in quantum mechanics. It was exhibited
in the version of Young’s double slit experiment [CM91].

(iv) Superposition: This feature of quantum mechanics states that for any two distinct
quantum states, φ and ψ, any linear combination of these states αφ + βψ is also an
accepted quantum state. This is one of the major properties of quantum mechanics
that provides advantages in information processing and computation over classical
mechanics.

(v) Entanglement: The most striking and counter-intuitive feature of quantum mechanics
is entanglement. This feature has no analogue in classical mechanics. Entanglement
refers to the correlations among two or more quantum states, which are stronger than
any achievable classical correlations. This term was first coined by Schrödinger. Later
Einstein, Podolsky, and Rosen presented an apparent paradox that included entangle-
ment. This was famously called the EPR paradox which stated that entanglement
poses a threat to the completeness property of quantum mechanics, and thus it must
be explained by a classical hidden variable theory. This was resolved by John Bell in
1964, who constructed an inequality, the Bell inequality, and proved an upper bound
on it using the classical “local hidden-variable theory”. He then showed that entangled
states of two particles violate this inequality, thus proving that there is no classical
hidden variable theory which explains entanglement [Bel01].

Richard Feynman was first to suggest that quantum mechanics could be used to produce
information systems that could be much more powerful than classical computers [Fey82]. In
his words,

“Nature isn’t classical, dammit, and if you want to make a simulation of nature,
you’d better make it quantum mechanical, and by golly it’s a wonderful
problem, because it doesn’t look easy” [Fey82]



Around the same time, Charles Bennett and Gilles Brassard explored the ideas of secure com-
munication on channels via quantum mechanics. This was the first quantum cryptographic
protocol providing unconditional security in secure communications [BB14]. Subsequently,
there have been enormous applications of quantum mechanics in four major areas: quan-
tum computation, quantum communication, quantum simulation and, quantum sensing and
metrology.

In the major part of the thesis, we focus on quantum communication. Specifically our
goal is to investigate the models where protocols based on quantum mechanics offer an
improvement in efficiency and security of information transfer in communication links,
compared to the classical communications. Subsequently in the last part, we focus on
quantum computations, where we construct an optimal unitary machine to distinguish two
non-orthogonal quantum states.

1.2 From Classical to Quantum Information

All practically information tasks today are realised using integrated chips consisting of
semi-conductor devices and fibre optics. The basic components in these devices, electrons
in semi-conducting devices and photons in optical fibres, obey quantum mechanics instead
of classical mechanics. However, for current technologies, it is important that these devices
do not operate in the regime where quantum effects are prominent. Let us understand
what happens when these devices start showing quantum effects. In traditional information
sciences, the input-output current/voltage relation is given by classical mechanics. Thus,
a certain input should produce a certain deterministic output after passing through these
devices. However, when these devices start operating at the few electron/photon regime,
then the inherent uncertainty principle of quantum mechanics starts to dominate which can
result in the input-output relation being a quantum superposition, instead of fixed values as
predicted by classical mechanics. Engineers have sought for alternative ways to get around
this issue. However this has resulted in the device not achieving its optimal performance. The
only way to harness the optimal performance in these miniaturised devices is by considering
quantum effects i.e. describing the input-output relation using quantum mechanics.

Quantum information science differs from the classical analogue, not only in a sense
that it provides an accurate understanding of information processing behaviour in the regime
mentioned above, but also because it introduces the possibility of performing tasks that are
impossible in the classical world. This has triggered a major interest in quantum information
science, to find tasks for which it is possible to prove the superiority of quantum information
compared to classical information, and to demonstrate this advantage experimentally.

An area where this has been illustrated, for instance, is in nonlocal games, where
experiments have confirmed the violation of Bell inequalities that correspond to better-
than-classical strategies for the Clauser-Horne-Shimony-Holt (CHSH) and other Bayesian



type games [HBD+15, TBZG98, MMM+08, AWB+09, PKL+15]. This area prominently
harnesses the power of entanglement, which has no analogue in classical theory.

Another prominent example is quantum cryptography, where many protocols have been
demonstrated to be unconditionally secure, compared to computational security provided
in the classical world. Prominent examples include quantum key distribution [JKJL+13,
LBGP+07, SBPC+09, LME+09], device-independent quantum cryptography [ABG+07,
MPA11, GBHA10], digital signatures [DCK+16], coin flipping [PJL+14], and quantum
money [BOV+18, GAA+18].

Unlike the above mentioned areas, the task of implementing most quantum algorithms has
been extremely challenging with current technologies, with the exception of non-universal
boson sampling machines that have been realised for small inputs [TDH+13, COR+13,
SVB+14], IQP circuits [FH16, BMS17, BGK17, GWD17, BVHS+18] or random quantum
circuits [AC16, BIS+18]. Another recent proposal deals with the power of quantum interac-
tive proofs for verifying NP-complete problems with small proofs [ABD+08, ADK17]. The
reason for this difficulty is that quantum algorithms require a large number of fault tolerant
qubits to demonstrate an advantage over the classical algorithms, which has been hard to
achieve.

With an emphasis on engineering, there has been considerable progress made in the
last decade to improve the technology that meets the requirement. The best push in this
regard has been the efforts towards engineering of a 72-qubit quantum computing device by
Google. This implementation is based on superconducting quantum bits [CW08]. Research
in superconducting based architecture is also being conducted by Microsoft, IBM, Rigetti,
and Intel, among others.

The other major push is by the D-Wave computing based on quantum annealing, which
claims to have of the order of thousands of logical qubits [IMV]. However, D-Wave is not a
universal quantum computer and is very specific to solving optimisation based problems.

Several other architectures have been proposed for quantum computing. These include
the trapped ion based quantum computer [KMW02], the quantum dot computer [LD98], the
nuclear magnetic resonance [VSB+01], the linear optical quantum computer[KMN+07],
the diamond-based quantum computer [Hol07], among others.

There is another area in quantum information which does not involve finding tasks
to demonstrate quantum advantage, but rather focuses on accessing data once we have a
functioning quantum computer. The task of verification of the result of a quantum computer,
to make sure it is doing what it claims it’s doing, is an important field of study, especially
when there has much progress of late into the development of a quantum computer. The first
such works in this regard include the verifier possessing a bounded quantum computer, and
verifying the quantum computation of an all powerful user [BFK09, GKK17, KDK15]. This
has been dramatically improved in [Mah18], where it is sufficient for a classical verifier to
verify the computation of an all powerful user. This result utilises the cryptographic primitive
based on learning with errors, which has been secure against any quantum adversarial



proposition until now.

Another important task involves distinguishing two non-orthogonal quantum states.
Contrary to classical computing where two classical strings can be checked bit-wise, quantum
states can be superposition states that do not allow us to have access to each element of the
superposition simultaneously. Simulating a quantum state classically requires an exponential
amount of resources and is thus deemed infeasible. Several works including demonstration
of the optimal distinguishing operation has been shown by [ACMT+07, BCJ03, CDM+18].

1.3 Quantum Communication

Quantum communication is a field of applied physics that comes under the domain of
quantum information tasks. Its most interesting applications include performing efficient
communications, and by this we mean performing tasks with optimal time and information
resources. This comes under quantum communication complexity, an ideal resource model
for proving quantum superiority involving two or more parties, each receiving an input
and with the goal of jointly performing a distributed task on a communication channel
with minimum possible resources. There has been a lot of work towards proving that
quantum resources lead to exponential asymptotic savings compared to classical resources
[BCWDW01, BCW98, Raz99, BYJK04, GKK+07, Gav16, RK11].

The second application involves performing secure communications, a task of protecting
information channels against an eavesdropper by means of quantum cryptography. We have
already mentioned some of the theoretical and experimental progress made in this domain. In
this thesis we focus on the idea of developing money-scheme based on quantum states. This
was also the first quantum cryptographic primitive proposed in the 1980s by Stephen Wiesner
[Wie83], whose idea was to prepare an unforgeable money scheme based on the bank notes
being quantum states. The security of the bank notes was based on the no-cloning property of
quantum mechanics [WZ82]. Several other schemes on quantum money have been proposed
since then [PYJ+12, AC12, FGH+12, Gav12, GK15, MP16, AA17]. Contrary to existing
classical money schemes which are based on computational assumptions, like RSA [RSA78],
the schemes for quantum money are based on the inherent property of nature, and thus provide
unconditional security against the note forger as long as quantum mechanics is not violated.
These money schemes have been difficult to implement until recently (recent proposals are
proof-of-principle implementations), due to the fact that they necessitate the creation of a large
number of quantum states and storing them in a memory. However, these implementations
do seem plausible in the near future with major advances being made in the development of
quantum memory to store the money states [JSC+04, LST09, FL02, NVG+14].

We look at these two applications in detail in the section below.



1.3.1 Efficiency in Communication

Efficiency of communication is an important factor in understanding the optimal performance
of a communication protocol. This is studied in great deal in quantum communication
complexity. The basic assumption in this field is that all the communicating parties are honest
i.e. they perform the given task as required and do not deviate in order to obtain individual
gains. There is also no eavesdropper in the communication channel.

The basic setting involves two or more parties performing a distributed task across the
communication channel. Multiple communication models have been constructed in this
setting: one-way model, two-way interactive model and, simultaneous message passing
model. Under these models, one can study the class of problems with the objective of solving
the distributed task either deterministically, or randomly (the task can be computed with an
error probability). The efficiency is then defined as the minimum communication resources
required to solve the task. This is discussed in detail in Chapter 2.

1.3.2 Security in Communication

Security is the primary application of communication links in the real world, where the
objective is to perform secure communications even in the presence of an eavesdropper trying
to gain access to the secret information being communicated. Informally, we call a system
secure, if only a legitimate user can gain access to the message. This was first studied by
Claude Shannon in 1949 [Sha49]. He described two levels of security, information-theoretic
and computational security.

(i) Information-theoretic security: A system is called perfectly secure if the eavesdropper
cannot gain any information about the secret even if they have unlimited computational
power. This security notion is also called perfect security. The most common example
of an information theoretically secure system is one-time padding. This is an encryption
technique that cannot be cracked, but requires the use of a one-time pre-shared key
which is the same size as, or longer than, the message being sent. However, this
security comes at a price: a long secret key which cannot be reused. Hence, there has
been considerable interest in finding cryptographic schemes which require a shorter
keys that can be reused. Quantum mechanics, by virtue of the no-cloning property, is
an ideal platform for achieving information theoretic security.

(ii) Computational security: A system is called computationally secure if an eavesdropper
with limited resources cannot get any information about the secret. Generally, in order
to break this security, one needs to solve a computationally hard problem, which cannot
be solved in polynomial time with limited resources. A famous example of this is the
RSA cryptosystem [RSA78], which is based on the assumption that it is hard to find
the prime factor of a large number in polynomial time. However, cryptosystems based



on computational security are prone to becoming compromised with the advent of
new technology. The RSA cryptosystem, for example, does not yet have an efficient
classical algorithm, but can be broken using a quantum algorithm [Sho99].

1.4 Implementation of Communication Schemes

Quantum communication schemes offer unparalleled advantages, both in efficiency and
security of communications, compared to the classical schemes. However, it has been
generally difficult to demonstrate this advantage experimentally. This is because quantum
based schemes necessitate the preparation of large superposition and/or entangled states,
require minimal de-coherence of the quantum states during the experiment run, and apply
sophisticated measurement schemes to extract information. This is out of reach for current
photonic technologies.

There are two methods to get around this issue. One is to develop technologies that meet
the requirement of implementing large scale quantum schemes. Although there has been
considerable progress made to improve the technology required for quantum communication,
apart from quantum key-distribution, there is still a significant gap between the requirement
and availability. To overcome this issue, we use the second method which is to tailor the
quantum schemes in order to be implementable with current technology. This alternative
method to implement quantum schemes involves: mapping the current quantum protocols
into an experimentally accessible framework of coherent states and linear optics. The
coherent mapping of qubit protocols contains three important aspects: preparation of qubit
states, linear operations on the state, and measurement on the final state. It shows that there
is a one-to-one mapping of the qubit formalism with the coherent state formalism, while
still maintaining the property that the quantum protocol reveals an exponentially smaller
amount of information than the classical protocol [AL14a]. Building on this idea, quantum
communication complexity protocols have been proposed [AL14b, KDK17]. Experimental
demonstrations of this mapping include [XAW+15, GXY+16]. We further extend this idea
in our thesis to propose new problems in quantum communication complexity models and
quantum money schemes.

1.5 Results in the Thesis

This thesis contains four major results, divided into four chapters. It is hoped that each of
these results will pave the way for other new exciting results.

1. Euclidean Distance Communication Complexity: We propose a multiplexed simul-
taneous message passing communication complexity model, with the objective of solving
Euclidean distance problem within an additive constant, with bounded error. This problem



has applications in machine learning, specifically recommendation systems [KP16]. For
this problem, we show for the first time that, after a threshold input size, the coherent state
protocol performs better than the classical analogue. We have experimentally implemented
this scheme, and although the results have no yet out-performed the classical protocol (due to
limited capability of our measurement devices), we identify the devices we need to achieve
this.
This has resulted in the publication titled: Efficient quantum communications with coherent
state fingerprints over multiple channels by N.K., Eleni Diamanti, and Iordanis Kerenidis.
[Phys. Rev. A 95, 032337]

2. Sampling Matching Communication Complexity: We introduce a new problem in
the one-way randomised communication complexity model, the Sampling Matching model.
For this problem, we show that the information resources in the coherent state protocol
outperform the information resources in the classical protocol after a certain threshold input
size. Further, we perform an experimental demonstration of the coherent state protocol,
showing that we beat the best classical protocol to solve this problem.
This has resulted in the publication titled: Experimental demonstration of quantum advantage
for one-way quantum communication complexity by N.K., Iordanis Kerenidis, and Eleni
Diamanti. [arXiv: 1811.09154]

3. Quantum Money using Sampling Matching Verification: We propose a private-key
quantum money scheme using classical communication in verification. The features of our
scheme include a single round of classical communication with the Bank, re-usability of the
Bank note, and robustness under experimental imperfections. Our scheme is the first one to
allow an experimental realisation for noise tolerance as high as 21.4%.
This has resulted in the preparation of the manuscript Practical quantum money schemes via
the Sampling Matching problem by N.K., and Iordanis Kerenidis. [Manuscript 2018]

4. Programmable Measurement with Coherent States: We propose an optimal distin-
guishing scheme for two coherent states in the setting where one is provided a single copy
of one state, and multiple copies of the other state. Our distinguishing scheme involves the
linear optics component, 50/50 beam splitter, and the single photon threshold detectors. We
show that our setting strictly improves the soundness compared to the setting of single copy
of two unknown coherent states.
This has resulted in the preparation of the manuscript Optimal universal scheme for Quantum
Information processing with coherent states by N.K., Ulysse Chabaud, Damian Markham,
and Eleni Diamanti. [Manuscript 2018]



1.6 Outline of the Thesis

This thesis focuses on the design, analysis and implementation of quantum communication
and cryptographic protocols using coherent states and linear optics, which are easy to realise
in realistic experimental settings. It has been organised as follows.

Chapter 2 starts with all the necessary background in quantum mechanics. We then
present an overview of linear optics and coherent states, which is the backbone of our thesis.
Next, we talk about coherent state mapping, an abstract mapping scheme to map the prepare-
and-measure-based qubit protocols to coherent states. We study the inherent difference
between coherent state encoding and single photon encoding. Finally, we define the notions
of classical and quantum communication complexity which we will use in coming chapters.

In Chapter 3, we introduce a multiplexed simultaneous message passing communication
complexity model, with the objective of solving the Euclidean distance problem in the
randomised setting. We define the classical and quantum (coherent state) resources for this
problem. Next, we give the experimental methods used to implement this protocol using
coherent states and linear optics, and present the experimental analysis of our results which
compare the classical and coherent state resources.

Chapter 4 begins with a review of the one-way randomised communication complexity
model to solve the Hidden Matching problem. Next, inspired by this model, we introduce
an experimentally realisable one-way randomised communication complexity model, the
Sampling Matching model. We state the classical resources and compute the quantum
coherent state resources to solve this task in the randomised setting. We then give the
experimental methods used to implement this protocol using coherent states and linear optics,
and present the experimental analysis of our results, comparing the the classical and coherent
state resources.

Chapter 5 focuses on a private key quantum money scheme using single photon super-
position states and the Sampling Matching verification protocol. We start by defining the
private-key quantum money scheme and identify the tools required to construct it. Next, we
formally introduce our scheme and provide the full-fledged information theoretic security for
our scheme. Finally, we present an experimentally motivated framework of quantum money
scheme using attenuated coherent states and discuss the correctness and unforgeability in
this framework.

Chapter 6 studies the ability to distinguish two non-orthogonal states, in a setting where
one is provided one copy of a state (test state) and multiple copies of the other state (reference
state). Our analysis applies specifically for coherent states. We show that the ability to
distinguish two different states increases exponentially with the number of copies of the
reference state, even in a realistic experimental setting.

In Chapter 7, we conclude the thesis by providing a brief summary and some interesting
open problems arising from the results in earlier chapters.





2 Ingredients

In this chapter we provide the ingredients of the basic concepts on quantum mechanics and
linear optics that are later used in the thesis. We start by reviewing the notions on quantum
mechanics: preparation of quantum states, unitary operation, and measurement. We then
talk about linear optics where we review quantum mechanics operations using linear optics
elements. Subsequently we move to the description of coherent states which are the backbone
of the thesis. We talk about the coherent state mapping, an ideal one-to-one map for any
prepare-and-measure qubit state protocols. We point out the inherent difference in quantum
protocols with coherent state encoding versus the single photon encoding.

In the last section, we define the notions on communication complexity including the
different models studied under this notion and the communication resources.

2.1 Preliminaries on Quantum Mechanics

Quantum mechanics has been one of the most remarkable and accurate theories in physics
giving an understanding of the workings of nature at microscopic level. With experiments
confirming the postulates of quantum mechanics upto a tremendous precision, it has become
an exciting domain to look to apply this theory in enhancing the information processing and
computing tasks.

In this section, we review the basics of quantum mechanics. For further understanding
please refer [NC02, GS18].

1. Quantum State: A classical bit is a two-state system - 0 or 1. Similar to the classi-
cal bit, the smallest possible processing unit for quantum information is a quantum bit (or
qubit). It is an element of C2 and is written as,

|ψ〉 = α |0〉+ β |1〉 , (2.1)
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where α, β ∈ C and satisfy |α|2 + |β|2 = 1. The states |0〉 =
(

1
0

)
, and |1〉 =

(
0
1

)
are

the computational basis vectors in two-dimensional Hilbert spaceH2. Physically, this state
can be realized by any two-level quantum mechanical system with the encoding in physical
systems such as photon, coherent state of light, electrons, nucleus, quantum dots, optical
lattices, to name a few.

In general, any pure quantum state of d-dimensions can be constructed from the basis
vectors in Cd of the Hilbert spaceHq,

|ψ〉 =
d∑
j=1

λj |j〉 , (2.2)

where {|1〉 , |2〉 , ..., |j〉} form an orthogonal basis, with
∑d
j=1 |λj|2 = 1.

2. Composite Quantum State: A quantum state in composition of multiple physical systems
is just a tensor product of the quantum states of individual physical systems. For instance,
the quantum state |ψ12〉 represented by two d-dimensional quantum states is Cd ⊗ Cd,

|ψ12〉 =
∑
i,j

λi,j |ij〉 , (2.3)

where λi,j ∈ C for all i, j, and
∑
i,j |λi,j|2 = 1. Here the state |ij〉 = |i〉 ⊗ |j〉.

3. Unitary Transformation: A natural question to ask is how does a closed quantum
system evolve with time? The postulate of quantum mechanics states that this evolution is
via a unitary transformation.

A unitary transformation of size d is a bounded linear operation Ud : Hd → Hd on the
Hilbert spaceHd that satisfies UdU

†
d = Id, where U †d is the hermitian conjugate of Ud, and Id

is the identity operator that maps the state back to itself.

The quantum state |ψ〉 at time t1 is related to the quantum state |ψ′〉 at time t2 by a unitary
transformation U which depends solely on times t1 and t2,

|ψ′〉 = U |ψ〉 (2.4)

Let us look at few commonly used unitary transformations on a single qubit which are
important in quantum information and computation.

(i) Pauli Operator: The four most useful single qubit operations are the Pauli operations,

I ≡
(

1 0
0 1

)
, X ≡

(
0 1
1 0

)
, Y ≡

(
0 −i
i 0

)
, Z ≡

(
1 0
0 −1

)
(2.5)

where i =
√
−1. These matrices, together with {−1,±i} form the Pauli group G1 on a

single qubit,
G1 ≡ {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ} (2.6)



The Pauli group on n qubits, Gn, is the group generated by the operators described
above applied to each of n qubits in the tensor product Hilbert spaceHn.

(ii) Hadamard Operator: This operator is defined as follows:

H ≡
(

1 1
1 −1

)
(2.7)

This takes the basis states {|0〉 , |1〉} → { |0〉+|1〉√
2 , |0〉−|1〉√

2 }.

(iii) π/8 Gate: Also called the T-gate, this is defined as follows,

T ≡
(

1 0
0 e

iπ
4

)
(2.8)

(iv) Phase Gate: Also called the S-gate, this is defined as follows,

S ≡
(

1 0
0 i

)
(2.9)

Apart from these single-qubit gate operations, the most important two-qubit unitary transfor-
mation is C-NOT gate. This is defined as follows,

CNOT ≡


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 (2.10)

In terms of computational basis, the operation of CNOT is given by |c〉 |t〉 → |c〉 |c⊕ t〉.
There are many more interesting quantum gates apart from the ones we have listed.

However, the C-NOT gate combined with the single qubit gates are the universal set of gates,
meaning multiple qubit quantum gates can be constructed from these gates. If one restricts
the single-qubit gates to the Pauli operators, the π/8-gate, then combining them with the
C-NOT gate, one can approximate to arbitrary precision, any unitary transformation acting
on multiple quibts. This result is due to Solovay and Kitaev [NC02].

4. Quantum Measurement: Once the states have been prepared and undergone unitary
transformations, the last segment remains, which is the extraction of the information con-
tained in the state. This operation is described by a collection {Mm} of measurement
operators. These operators act on the quantum state to produce m possible measurement
outcomes. For an input quantum state |ψ〉, the probability of the occurrence of outcome m is
given by,

p(m) = Tr(M †
mMm |ψ〉 〈ψ|) (2.11)



where Tr(.) is the trace operation. The state of the system after the measurement operation is,

Mm |ψ〉√
Tr(M †

mMm |ψ〉 〈ψ|)
(2.12)

The measurement operators form a complete set,∑
m

M †
mMm = I (2.13)

This also implies that
∑
m p(m) = ∑

m Tr(M †
mMm |ψ〉 〈ψ|) = ∑

m Tr(|ψ〉 〈ψ|) = 1.

The measurement operation is essentially to distinguish between different quantum states.
Classically, two non orthogonal vectors can be distinguished easily by comparing them bit
wise. However, the situation is non trivial for non-orthogonal quantum states. In-fact, two
non-orthogonal quantum states cannot be perfectly distinguished.

There are essentially two types of measurement operators. The projective type measure-
ments {Mm} are such that MmMm′ = δmm′Mm and

∑
mM

†
mMm = I .

On the other hand, the POVM type of measurements, constructed from the non-negative
measurement operators {Mm} are defined as Em ≡M †

mMm such that,
∑
mEm = I . These

kind of operators are interesting when one is not much interested in the post-measurement
state, and the primary interest is in the probabilities of the measurement outcomes.

5. Mixed Quantum State: The description above is for quantum systems whose state
|ψ〉 is known. In the scenario when the complete information about a state is not available,
for instance if a quantum system is in one of the states {|ψi〉}16i6k with respective probability
pi, then the quantum state can be represented as a mixed state. Mathematically, it is described
by a density operator, that is a positive semi-definite operator with unit trace, given by

ρ =
∑
i

pi |ψi〉 〈ψi| . (2.14)

Note that a quantum state ρ is pure if it has rank 1, or equivalently if Tr[ρ2] = 1.

If the transformation of a closed quantum is described by a unitary evolution U between
times t1 and t2, then the corresponding density operators ρ and ρ′ are related through,

ρ′ = UρU †, (2.15)

where U † is the hermitian conjugate of U .

Measurements can also be described in density operator formulation. If we perform a
measurement on a density operator ρ defined by measurement operators {Mm}, then the
probability of obtaining outcome m is given by

p(m) = Tr(M †
mMmρ) (2.16)



and the post-measurement state is

MmρM
†
m

Tr(MmρM
†
m)
. (2.17)

Density operators are also useful to describe subsystems of composite systems. This
description is provided by the reduced density operator. Suppose we have a bipartite physical
system in the state ρAB on HA ⊗ HB, then the reduced density operator for system A is
defined as

ρA = TrB(ρAB), (2.18)

where TrB is the partial trace over system B. This is the linear map satisfying

TrB(|a1〉 〈a2| ⊗ |b1〉 〈b2|) = |a1〉 〈a2|Tr(|b1〉 〈b2|), (2.19)

where |a1〉 , |a2〉 are any two elements ofHA and |b1〉 , |b2〉 ∈ HB.

6. Trace Distance: This is one of the most natural measures of the closeness of two
quantum states. The trace distance between two quantum states ρ and σ is,

T (ρ, σ) = 1
2Tr|ρ− σ|1 (2.20)

where |A|1 ≡
√
AA† is the Schatten 1-norm. Since the density matrices are Hermitian,

T (ρ, σ) = 1
2Tr[

√
(ρ− σ)2] = 1

2
∑
i

|λi| (2.21)

where λi’s are the eigenvalues of the Hermitian matrix ρ− σ.

In the special case when ρ = |ψ〉 〈ψ| and σ = |φ〉 〈φ| are pure states then,

T (ρ, σ) =
√

1− |〈ψ|φ〉|2 (2.22)

A second measure on the distance between quantum states is the fidelity. However in this
thesis, we will only use the concepts of trace distance.

7. No Cloning: One the major features of quantum states is the no-cloning principle,
discovered by Wootters and Zurek [WZ82]. This principle implies that it is impossible to
build a universal copying machine which takes an arbitrary quantum state |ψ〉 as input and
outputs two identical copies of |ψ〉.

Theorem 1. Assume there is a unitary operator Uclone that can prepare two copies of an
arbitrary input state, i.e,

Uclone |φ〉 ⊗ |0〉 = |φ〉 ⊗ |φ〉
Uclone |ψ〉 ⊗ |0〉 = |ψ〉 ⊗ |ψ〉 .

Then 〈ψ|φ〉 is either 0 or 1.



Proof. Consider the inner product,

〈φ|ψ〉 = (〈φ| ⊗ 〈0|)(|ψ〉 ⊗ |0〉)
= (〈φ| ⊗ 〈0|U †clone)(Uclone |ψ〉 ⊗ |0〉) since U †cloneUclone = I

= (〈φ| ⊗ 〈φ|)(|ψ〉 ⊗ |ψ〉)
= 〈φ|ψ〉2 .

This implies that 〈φ|ψ〉 is either 0 or 1.

The significance of Theorem 1 is that only orthogonal states are clonable, which corre-
sponds to copying classical information. This is the basis of the security proof of private-key
quantum money scheme in Chapter 5.

2.2 Linear Optics

Quantum information processing has attracted a lot of attention of past few decades. There
are many different architectures for quantum computers based on different physical systems.
These include atom- and ion-trap quantum computing, superconducting charge and flux
qubits, nuclear magnetic resonance, spin- and charge-based quantum dots, nuclear spin quan-
tum computing, and optical quantum computing. Each of these architectures have their own
advantages and disadvantages in quantum information processing. In this section we look one
such architecture, information processing via linear optics. This has the advantage that the
smallest unit of quantum information (the photon) is potentially free from de-coherence: The
quantum information stored in a photon tends to stay there unless it gets absorbed. However,
the photons do not naturally interact with each other. A trivial way to interact with them is
to make projective measurements with photo-detectors. More generally, the linear optics
interaction is through beam splitters, half- and quarter-wave plates, phase shifters, etc. These
constitute the basic building blocks of interaction in linear optics. Here, for our thesis, we
discuss the creation of a qubit using single photon in superposition over spatial modes and
their interaction using the beam splitter, and measurement in the photo-detectors.

1. Single photon qubit state: A single photon state is created by applying a creation
operator on the vacuum state, |1〉 = â† |0〉. The name creation operator is because it applies
on the fock state |n〉 in the following way,

â |n〉 =
√
n |n− 1〉 and â† |n〉 =

√
n+ 1 |n+ 1〉 (2.23)

When the single photon is in superposition over two modes |1〉c ≡ |1〉 ⊗ |0〉 ≡ |10〉 and
|1〉d ≡ |0〉 ⊗ |1〉 ≡ |01〉 (subscript denotes the mode), then the resulting qubit state can be
created by the superposition over the two modes,

|1〉ψ = α |10〉+ β |01〉 (2.24)



where |α|2 + |β|2 = 1, and any factors α, β ∈ C can be created by action of beam-splitter
and phase shifters.

2. Phase Shifter: An important optical component is the single-mode phase shift. Its
action is to change the phase of any given input mode,

â† → eiφâ
†ââ†eiφâ

†â = eiφâ† (2.25)

3. Beam Splitter Transformation: Another important optical component is beam splitter.
It consists of a semi-reflective mirror: when light falls on this mirror, part will be reflected
and part will be transmitted. The action of beam splitter is to transform the input modes
{â†, b̂†} into the output modes {ĉ†, d̂†} as depicted in Figure 2.1.

Figure 2.1: Illustration of a beam splitter beam splitter transforming input modes {â†, b̂†}
into the output modes {ĉ†, d̂†}.

This input to output mode conversion for the beam splitter is given as,

ĉ† = cos θâ† + ie−iϕ sin θb̂†

d̂† = ieiϕ sin θâ† + cos θb̂†
(2.26)

The reflection and transmission coefficients R and T of the beam splitter are R = sin2 θ and
T = 1−R = cos2 θ. The relative phase shift ieiϕ ensures that the transformation is unitary.
Typically, we choose either ϕ = 0 or ϕ = π/2. Mathematically, the two parameters θ and ϕ
are the angles of a rotation about two orthogonal axes in the Poincaré sphere. The physical
beam splitter can be described by any choice of θ and ϕ, provided the correct phase shifts are
applied to the outgoing modes.

A special instance of the beam splitter we consider in our thesis is the 50/50 beam splitter.
They are characterised by R = T = 1/2 and unto a phase factors, the transformation is,

ĉ† = 1√
2

(â† + b̂†) and d̂† = 1√
2

(â† − b̂†) (2.27)

For more details refer to [KMN+07].



2.3 Coherent States

Coherent states refer to the states of quantized electromagnetic field that describe maximal
kind of coherence and a classical kind of behaviour. Mathematically, a coherent state |α〉
is defined to be the unique eigenstate of the annihilation operator â associated with the
eigenvalue α,

â |α〉 = α |α〉 (2.28)

where α ∈ C since â is not hermitian operation. These are the quantum states that minimize
the uncertainty relation with the uncertainty equally distributed between the position and
momentum field quadratures. Hence they are addressed as classical like states. These states
were completely characterized by Roy J. Glauber who was awarded the 2005 Nobel prize for
his contribution to the quantum theory of optical coherence.

Formally, the coherent state |α〉 is generated from the vacuum state |0〉 by the action of a
displacement operator D(α),

|α〉 = eαâ
†−α∗â |0〉 = D(α) |0〉 (2.29)

where α∗ is the complex conjugate of α. Expanding Eq.(2.29) in the Fock state basis (also
called number state basis) and using the annihilation relation of Eq.(2.23),

|α〉 = e−
|α|2

2

∞∑
n=0

αn√
n!
|n〉 = e−

|α|2
2 eαâ

† |0〉 (2.30)

1. Properties of Coherent States: The coherent states have the photons distributed in the
poisonnian distribution. This is a necessary and sufficient condition that all the detection
events are statistically independent. The average number of photons in the coherent state is,

µ = 〈α|N |α〉 = |α|2 (2.31)

where N = â†â is the occupation number operator.

The probability of detecting n photons in a coherent state is,

pn = |〈n|α〉|2 = µne−µ

n! (2.32)

This helps us characterize the behaviour of single photon threshold detectors. A threshold
detector “clicks” if it observes at least one photon {|1〉 〈1| , |2〉 〈2| , · · · }, and does not click
if it does not observe any photon {|0〉 〈0|}. The probability of getting a click in the threshold
detector is,

pc =
∞∑
n=1
|〈n|α〉|2 = 1− |〈0|α〉|2 = 1− e−µ (2.33)

2. Scalar Product of two Coherent States: For two coherent states |α〉 and |β〉, the scalar
product is,

|〈β|α〉| = e
|α−β|2

2 (2.34)



Coherent states are non-orthogonal states and their transition probability only vanishes in the
limit of large differences |α− β| � 1

3. Trace Distance: Since coherent states are pure states, hence the trace distance between
two quantum states |α〉 and |β〉 is,

T(α, β) =
√

1− |〈β|α〉|2 (2.35)

4. Completeness of Coherent States: Although the coherent states are non orthogonal, it is
possible to expand coherent states in terms of a complete set of states. The completeness
relation for the coherent states is,

1
π

∫
d2α |α〉 〈α| = 1 (2.36)

In fact, the coherent states are “overcomplete”, which means that, as a consequence of their
non-orthogonality, any coherent state can be expanded in terms of all the other coherent
states. So the coherent states are not linearly independent,

|β〉 = 1
π

∫
d2α |α〉 〈α|β〉 (2.37)

More details can be found in [GS18].

Now we describe an abstract mapping that converts quantum protocols that are based
on creation of pure states of multiple qubits, applying unitary operations and performing
projective measurements into an alternate map that uses sequence of coherent states, linear
optics operations, and detection using single photon threshold detectors. The map was
introduced by Arrazola et al [AL14a]. This mapping forms the backbone of the various
protocols we introduce in subsequent chapters.

2.3.1 Coherent State Mapping

A majority of quantum communication protocols involves preparation of pure state in a hilbert
space of fixed dimension, applying of unitary transformation on the states, and projective
measurement in the canonical basis. An exact implementation of such protocols can be
realised using physical qubits by considering a single photon in superposition over optical
modes. A pure state |ψ〉 = ∑d

j=1 λj |j〉 can be implemented using a single photon state in
superposition over d modes,

|1〉ψ = â†ψ |0〉 =
d∑
j=1

λj |1〉j (2.38)

where
∑d
j=1 |λj|2 = 1. In the language of creation operators, this is â†ψ = ∑d

j=1 λj â
†
j , where

â†j is the creation operator in j-th mode, and â†j |0〉 = |1〉j .



The unitary transformation is described in the Section 2.2 and the measurements in the
canonical basis include photon counting detectors over each mode.

Motivated by the difficulty in implementing quantum protocols based on single photon
encoding, an alternative mapping of such protocols using sequence of coherent states was
introduced [AL14a].

1. Hilbert Space Mapping: A qubit protocol in a hilbert space of dimension d with the
canonical basis {|j〉}16j6d is mapped into d optical modes with the operators {âj}16j6d.

2. State Creation: A pure state |ψ〉 = ∑d
j=1 λj |j〉 is mapped into a coherent state with

parameter α and the creation operator â†ψ = ∑d
j=1 λj â

†
j ,

|α〉ψ = e−
|α|2

2 eαâ
†
ψ |0〉 =

d⊗
j=1

e−
|αλj |

2

2 eαλj â
†
j |0〉j =

d⊗
j=1
|αλj〉j (2.39)

where the subscript j denotes the optical mode. The coherent state |α〉ψ is thus sequence of d
coherent pulses, where the mean photon number of j-th coherent pulse is |αλj|2. Thus, over all
the d coherent pulse, the mean photon number of the coherent state is µ = ∑d

j=1 |αλj|2 = |α|2.
Experimentally, the time bin optical modes allows for creation of these states for large d,
something that was infeasible in single photon encoding of the qubit states.

3. Unitary Transformation: A unitary operation U acting on a pure qubit state is mapped
into linear optics transformation corresponding to the same unitary operator U acting on the
modes {âj}16j6d. Thus the transformation of the state is linked to the transformation of the
modes as,

|ψ′〉 = U |ψ〉 7→


â′1
â′2
...
â′d

 = U


â1
â2
...
âd

 (2.40)

4. Projective Measurement: The projective measurement of a qubit state in the canon-
ical basis {|j〉}16j6d is mapped to two-outcome measurements in each of the d modes with
single photon threshold detectors.

{|j〉 〈j|}16j6d 7→
d⊗
j=1

Fjc (2.41)

where c = 1 for single photon detection, and 0 otherwise. F j
0 = |0〉 〈0|, and F j

1 = I − F j
1

are the projectors in the j-th mode. Thus an outcome in this mapping would correspond to
the click pattern in the d modes. Coherent state mapping has 2d possible outcomes compared



to the d possible outcomes of the qubit protocol. Nevertheless, the measurement statistics
closely resemble those of the qubit projective measurement and they can be thought of as
arising from several independent runs of the original qubit protocol.

5. Dimension of the Coherent State: A qubit state in superposition over d basis states
contains O(log2 d) qubits, or in other words, lies in the hilbert space of dimension d. Hilbert
space dimension is a good measure for to quantify the amount of qubits in a quantum protocol
realised over physical systems,

C = log2[dim(H)] (2.42)

For coherent-state protocols obtained from the mapping, even though the actual Hilbert
space is large (since distinct coherent states in the sequence are linearly independent), they
effectively occupy a small Hilbert space, as is expressed in the following theorem:

Theorem 2. For a pure state |ψ〉 in Hilbert space of dimension d and for any ε > 0, there
exists a Hilbert space ofHα with dimension dα such that,

〈α|ψ PHα |α〉 > 1− ε, and log2 dα = O(log2 d) (2.43)

Proof. The proof is based on the poissonian distribution of photons in the coherent state |α〉
and that the probability of obtaining photons ∆ far away from the mean photon number |α|2
is exponentially low. Consider the Hilbert space Hα spanned by the set of number states
⊗dj=1 |nj〉 over d modes with n = ∑d

j=1 nj , such that |n − |α|2| 6 ∆. This is the space
spanned by number states which are close to the average photon number |α|2.

The dimension of Hα is then,

dα =
|α|2+∆∑

n=|α|2−∆

(
n+ d− 1
d− 1

)
6 2∆

(
|α|2 +∆+ d− 1

d− 1

)
(2.44)

which gives us,

log2 dα 6 (|α|2 +∆) log2(|α|2 +∆+ d− 1) + log2 2∆ (2.45)

Now, 〈α|ψ PHα |α〉 is the probability of applying the projection PHα onto the coherent
state and obtaining the value of n such that |n− |α|2| 6 ∆. Using the poissonian probability
of the coherent state, we obtain using the chernoff bound that,

P (|n− |α|2| 6 ∆) > 1− 2e−|α|2
(

e|α|2

|α|2 +∆

)|α|2+∆

(2.46)

which can be reduced to any ε > 0 by appropriately choosing ∆ and keeping |α|2 indepen-
dent of d. Therefore, the fact that the mean photon number is independent of the number of



modes d, leads to the states involved effectively occupying a Hilbert space of dimension that
Hα ≈ d|α|

2 which is comparable to that of the original H of dimension d. Thus asymptot-
ically, the protocol using coherent states utilizes the same size of transmitted information
resources as the qubit protocol.

6. Outcome Probability: Qubit protocols involve performing projective measurements
on the canonical basis {|j〉}16j6d on the input state |ψ〉 = ∑d

j=1 λj |j〉. The probability of
obtaining an outcome j is,

pk = |〈j|ψ〉|2 = |λj|2 (2.47)

For coherent state encoding, since the state is a tensor product of coherent states in d modes,
hence we measure each mode independently. However the photon clicks in each modes are
not exclusive as this corresponds to the measurement of the coherent state with mean photon
number |α|2.

The probability distribution of the number of photons in each mode of the coherent state
is equivalent to performing multiple repetitions of the measurement of single photon state
|1〉ψ = ∑d

j=1 â
† |0〉, where the number of measurements is drawn from the poissonian distri-

bution with mean |α|2. This can be seen by the following argument. After the measurement
of each modes of the coherent state, the probability of obtaining n1, n2, · · · , nd photons in
the mode â1, â2, · · · , âd, such that

∑d
j=1 nj = n is,

P (n1, n2, · · · , nd|n) = n!
n1!n2! · · ·nd!

|λ|2n1|λ|2n2 · · · |λ|2nd (2.48)

which by the multinomial theorem is exactly equal to the probability of repeating the measure-
ment of the single photon state n times, where n is obtained from the poissonian distribution
with mean photon number |α|2 i.e. p(n) = e−|α|

2|α|2n

n! .

However, for most quantum states, the coefficients λj’s are typically very small, so that
the mean number of photons |αλj|2 is small for relatively small α values. Thus the probability
of obtaining more than one click in each mode is exponentially low. In these circumstances,
the number-resolving detectors are an overkill and the single photon threshold detectors are
sufficient. For the threshold detectors, the probability of a click in the j-th mode is,

pα,j = 1− e−|αλj |2 ≈ |αλj|2 (2.49)

where the approximation holds in the case |αλj|2 6 1. When the average photon number
across the d modes is |α|2 = 1, then pα,j ≈ |λj|2, thus resembling the behaviour of qubit
protocols.

2.3.2 Coherent State vs Single Photon Encoding

Coherent State mapping can be utilised as an alternate mapping to the protocols that employ
the single photon encoding. However, contrary to single photon behaviour of observing



the Hong-ou Mandel effect [HOM87] when passing through the beam splitter, the coherent
states behave rather deterministically. This is one of the consequences of the classical like
behaviour of coherent states. In certain cases, this leads to a better performance of the
quantum protocol while using the coherent state encoding. An example of this is the task
of distinguishing two unknown quantum states [Chapter 6]. We explicitly emphasise this
difference in behaviour by studying the evolution of phase encoded coherent states and phase
encoded single photons while interfering through the 50/50 beam splitter.

Coherent State Behaviour

Consider we have two phase encoded coherent states |αx〉 = |−1x〉â and |αy〉 = |−1y〉b̂ at
modes â and b̂ respectively, where x, y ∈ {0, 1}. We observe the effect when these two
coherent states interfere in the 50/50 beam splitter.

The input to the beam splitter is,

|−1x〉â ⊗ |−1y〉b̂ = exp(−1) exp(−1xâ† +−1y b̂†) |00〉âb̂ (2.50)

where, |00〉âb̂ = |0〉â ⊗ |0〉b̂
Using the input-output relation of a 50/50 beam splitter of Eq.(2.27), the output is:

exp(−1) exp
(
−1x ĉ

† + d̂†√
2

+−1y ĉ
† − d̂†√

2

)
|00〉ĉd̂

= exp(−1) exp
(

(−1)x + (−1)y)√
2

ĉ† + (−1)x − (−1)y√
2

d̂†
)
|00〉ĉd̂

= exp(−1/2) exp
(

(−1)x + (1)y√
2

ĉ†
)
|0〉ĉ ⊗ exp(−1/2) exp

(
(−1)x − (−1)y√

2
d̂†
)
|0〉d̂

= |(−1)x + (−1)y√
2

〉
ĉ

⊗ |(−1)x − (−1)y√
2

〉
d̂

(2.51)

If one uses the single photon threshold detectors characterised by Eq.(2.33) in modes ĉ
and d̂, then if the parity x⊕ y = 0, there is zero probability of a click only in the detectors
of d̂ mode and on contrary, if the parity is 1, then there is zero probability of a click in the
detector of ĉ mode. Thus the beam splitter and threshold detectors act as an unambiguous
parity discrimination tool for phase encoded coherent states, where the only case one would
not be able to infer the parity of the inputs is if one does not observe the clicks in any detector.

Single photon Behaviour

Consider now we have two phase encoded single photon states |1x〉 = |(−1)x〉â and |1y〉 =
|(−1)x〉b̂ at input modes â and b̂ respectively, where x, y ∈ {0, 1}. We now observe the effect
when these two single photon states interfere in the 50/50 beam splitter.



The input of the beam splitter is,

|−1x〉â ⊗ |−1y〉b̂ = −1xâ†b̂† |00〉âb̂ (2.52)

The output of the beam splitter is,

(−1)x⊕y (ĉ† + d̂†)(ĉ† − d̂†)
2 |00〉ĉd̂

= (−1)x⊕y ĉ
†2 − d̂†2

2 |00〉ĉd̂
= (−1)x⊕y(|2〉ĉ |0〉d̂ − |0〉ĉ |2〉d̂

(2.53)

If one uses the detector in output modes ĉ and d̂, then there is an equal probability of getting
a click in both modes, irrespective of the parity input x⊕ y. The reason for this behaviour is
the Hang-ou Mandel effect, i.e. if the two photons have the same polarization, and all other
properties being equal (spectrum, arrival time, transverse spatial mode, etc.), then the two
photons are said to be indistinguishable irrespectively of the phase (−1)x of the photons.
This constitutes the primary difference in the behaviour of single photons vs coherent states.

The indistinguishability of the single photon encoding can be addressed if instead of phase
encoding, the encoding is rather done in the polarization degree of freedom. Consider the fol-
lowing encoding. For input x or y = 0, the photon is encoded in the horizontal H polarization.
And for x or y = 1, the photon is encoded in the vertical polarization V.

Now, suppose the parity x⊕ y = 1 (for simplicity suppose x = 0 and y = 1). Then the
input of the beam splitter is,

|1〉âV ⊗ |1〉b̂H = â†V b̂
†
H |00〉âb̂ (2.54)

The output of the beam splitter is,

(ĉ†V + d̂†V )(ĉ†H − d̂
†
H)

2 |00〉ĉd̂

= 1
2(ĉ†V ĉ

†
H − ĉ

†
V d̂
†
H + d̂†V ĉ

†
H − d̂

†
V d̂
†
H) |00〉ĉd̂

(2.55)

The first term contains both photons (H and V) in mode ĉ, the second and third terms contain
one photon in each mode ĉ and d̂, and the fourth term contains both photons (H and V) in
mode d̂. This means that we can either get both photons in the ĉ or d̂ mode, or 1 in ĉ and 1 in
d̂.

Now, suppose the parity x⊕ y = 0 (for simplicity suppose x = 0 and y = 0). Then the
input of the polarization beam splitter is,

|1〉âH ⊗ |1〉b̂H = â†H b̂
†
H |00〉âb̂ (2.56)



The output of the beam splitter is,

(ĉ†H + d̂†H)(ĉ†H − d̂
†
H)

2 |00〉ĉd̂

= 1
2(ĉ†2H − d̂

†2
V ) |00〉ĉd̂

= |2〉ĉ†H |0〉d̂†H − |0〉ĉ†H |2〉d̂†H

(2.57)

This means that we can either get both photons in ĉ mode, or in d̂ mode. When the parity
x⊕ y = 0, the case of 1 photon each in ĉ and d̂ mode is not possible.

Thus when the photon is polarization encoded, we can distinguish the parity of the inputs.

Note: We saw that the beam splitter test can distinguish between two phase encoded coherent
states but cannot distinguish between two phase encoded single photon states. However, if
the input of the beam splitter is a single photon in a superposition over two phase encoded
modes, then the beam splitter test can effectively distinguish between the two phase values.
Consider the superposition state in the input to the beam splitter,

1√
2

((−1)x |10〉âb̂ + (−1)y |01〉âb̂) = 1√
2

((−1)xâ+ (−1)y b̂) |00〉âb̂ (2.58)

Then the output of the 50/50 beam splitter is,

1
2[((−1)x(ĉ+ d̂) + (−1)y(ĉ+ d̂)] |00〉ĉd̂

= 1
2[((−1)x + (−1)y)ĉ+ ((−1)x − (−1)y)d̂] |00〉ĉd̂

= (−1)x + (−1)y
2 |10〉ĉd̂ + (−1)x − (−1)y

2 |01〉ĉd̂

(2.59)

This idea has been used in [ADK17] to develop the verification technique of a quantum phase
encoded NP-complete proof.

2.4 Communication Complexity

Communication complexity is the study of amount of communication required by separate
parties to jointly compute a distributed task, i.e when the input is distributed among two or
more parties. This area was first introduced by [Yao79] to study the communication com-
plexity for two parties, Alice and Bob, who, receive a n-bit string x, y respectively, and their
objective is to compute a certain function f(x, y) with the least amount of communication
among them.

This area has been extensively studied in the field of theoretical computer science and
with connections to other optimisation fields such as Very-Large-Scale-Integration circuit



designing, a process of creating integrated circuit chips by combining large number of
transistors in the same chip, with the objective to minimize the energy used by decreasing
the amount of electric signals required between the different electrical components during a
distributed computation. Communication complexity also has relevance in the study of data
structures, and in the optimization of computer networks. More details on application of this
field in other domains can be found in [Kus97].

2.4.1 Formal Definition

We formally define the setting of communication complexity. Two parties, Alice and Bob,
want to compute a function f : D → Z, where D ⊆ X × Y , and typically Z ∈ {0, 1}.
Alice receives an input x ∈ X , while Bob receives an input y ∈ Y , with (x, y) ∈ D. Let
rA ∈ RA by the private randomness of Alice, rB ∈ RB be the private randomness of Bob, and
rAB ∈ RAB be the shared randomness among Alice and Bob. Let the message communicated
by Alice be mA ∈MA, where MA is the set of all possible messages by Alice. And similarly,
let mB ∈ MB be the message communication by Bob, where MB is the set of all possible
messages by Bob. Suppose Alice and Bob use the protocol Π to compute the function f . We
denote Π(x, y) as the output of the function f when Alice and Bob receive the inputs x and
y. The communication cost of the protocol is then defined as,

CC(Π, f) = log2 |MA|+ log2 |MB| (2.60)

Then the communication complexity for computing the function f is the minimum over all
such protocols,

CC(f) = minΠCC(Π) (2.61)

2.4.2 Models of Communication Complexity

There are two major classes of communication complexity studied in the literature,

(i) Deterministic Communication Complexity: These class of problems require Alice and
Bob to compute the certain function f deterministically. As an example, consider the
task where Alice and Bob have to determine if they have the same input. In other
words, they want to compute the function EQ(x, y), where EQ(x, y) = 1 if the inputs
are equal, and 0 otherwise. In this setting, when the players want to succeed with
certainty, then the communication complexity for this task is,

CCdet(EQ) = n (2.62)

In other words, one of the players (let us say Alice), needs to send the entire string to
Bob, who then compares the inputs bit-wise to output the result with certainty.



(ii) Randomized Communication Complexity: This class of problems require Alice and Bob
to compute the function f with a small error probability, lets say ε. The communication
complexity in this randomized setting is CCrd(f, ε). In this thesis, all the models that
we consider are in this randomized setting.

Both these classes have been richly studied under multiple models of communication com-
plexity,

(i) Shared Randomness Model: This model is studied under the randomized communica-
tion complexity class. Here, Alice and Bob are allowed to to have a shared common
randomness, i.e. they are allowed rAB ∈ RAB. Under this model, any protocol Π is
defined by ΠA : X ×RAB →MA, and ΠB : Y ×RAB →MB. The communication
cost and complexity of this model is defined by Eq.(2.60) and Eq.(2.61) respectively.

(ii) Private Randomness Model: This is a weaker model than the shared randomness, since
it does not allow the players Alice and Bob to communicate their random bits. However,
this is a more realistic model. It is also studied under the randomized communication
complexity class. Here, the players are only allowed to have a private coin, i.e. Alice to
have randomness rA ∈ RA, and Bob to have randomness rB ∈ RB . Under this model,
any protocol Π is defined by ΠA : X × RA → MA, and ΠB : Y × RB → MB. The
communication cost and complexity of this model is similarly defined by Eq.(2.60)
and Eq.(2.61) respectively. However, by virtue of Newman’s theorem [New91], this
model is only slightly weaker than the the shared randomness model in a sense that,
one needs to send only log(Input size) bits more to simulate the shared randomness
model.

(iii) Two-Way Communication Model: The most common model studied under communica-
tion complexity is the two-way model. This allows Alice and Bob to have multiple
rounds of back-and-forth communication, before one player (say Bob) outputs the
value of the certain function f(x, y).

(iv) One-Way Communication Model: This model has gained prominence after the Hidden
Matching problem introduced by Bar-Yossef et al [BYJK04]. This model allows Alice
to communicate with Bob, but Bob is not allowed to communicate back to Alice. In
Chapter 4, we have introduced another class of one-way communication model, the
Sampling Matching model.

(v) Simultaneous Message Passing Model: This model was first introduced by Yao [Yao79]
in his paper on communication complexity. It allows an extra party, the Referee, and
the communication is only allowed from Alice to the Referee, and Bob to the Referee.
In this model, it is the Referee who computes the function f from the message he
receives from Alice and Bob. We study this problem in Chapter 3 where the task of the
Referee is to compute the Euclidean distance of the inputs ED(x, y) under the private
randomness setting.



2.4.3 Classical vs Quantum Communication Complexity

Classical communication complexity [Kus97], is the domain of computing the amount of
classical communication required to compute the value of a function f(x, y).

In quantum communication complexity, the players are allowed to make use of a quantum
computer, thus allowing them to communicate via qubits and/or entanglement states. This was
first addressed by Yao [Yao93] in the two-way randomized communication complexity model,
allowing the players to communicate via qubits. Cleve and Buhrman [CB97] introduced
the model allowing players to share entangled states and communicating via classical bits.
These two models are essential equivalent, in a sense that: a single qubit model in Yao
framework is the same as two bit model in the Cleve and Burhman framework. The reason
for this is that quantum teleportation allows for the communication of a qubit with one bit of
communication and sharing of an EPR pair.

Quantum communication complexity provides an advantage over classical communica-
tion complexity in multiple scenarios. However, this not obvious, primarily due to Holevo’s
theorem [Hol73]. This theorem states that,

Theorem 3. Let {ρ1, · · · , ρn} be a set of mixed states and let ρX be one of these states drawn
according to the probability distribution P = {p1, · · · , pn},

Then for any measurement described by POVM’s {EY } and performed on ρ = ∑
X pXρX ,

the amount of accessible information about the input X without knowing the outcome Y of
the measurement, is bounded,

I(X : Y ) 6 S(ρ)−
∑
i

piS(ρi) (2.63)

where ρ = ∑
i piρi, I(X : Y ) is the mutual information between X and Y , and S(.) is the

von Neumann entropy.

It implies that information retrieved from n qubits is not more than the information
retrieved by n classical bits. However, for most of the communication complexity tasks, the
task is not to determine the input itself (in which case, quantum communication does not
have advantage over classical communication), rather the task is to determine a function f of
the input. In these scenarios, it has been show that quantum communication complexity can
provide significant advantage compared to the classical communication complexity. A more
detailed analysis can be found in [BCMDW10].

2.4.4 Communication Resources

Quantifying the communication resources is the measure of the performance of a communi-
cation protocol. The resources can be classified into two categories,



(i) Transmitted Information: For a communication model involving Alice and Bob, the
transmitted information of a protocol calculates the real bits of information about the
inputs that the messages carry. This is the communication complexity of the model as
defined in Eq.(2.60). More details on this can be found in [KLLGR16].

(ii) Time Resource: The time unit is defined as the time to send a single bit/qubit over the
communication channel, and then, in an optimal protocol, bits/qubits and communi-
cation time are equal, since one will always send one bit per time unit. However, in
realistic implementations of quantum communication protocols, the time resource is
the not the same as the number of bits communicated. We look at one such implemen-
tation of quantum communication complexity complexity model in Chapter 3 and 4,
using the coherent state encoding for which the quantum time resource is not the same
as the amount of qubits communicated.





3 Euclidean Distance
Communication Problem

3.1 Introduction

Communication complexity is an ideal model for harnessing the power of quantum mechanics
and understanding the efficiency of quantum networks over classical networks. This class
of problems study the amount of communication required by separate parties to jointly
compute a distributed task. We study one specific model of communication complexity, the
randomized simultaneous message passing model (SMP) which was introduced by Andrew
Yao in 1979 [Yao79]. This model investigates the following problem involving two separate
parties, Alice and Bob, and a trusted agent, Referee. Alice receives an input x ∈ X, while
Bob receives an input y ∈ Y. They are not allowed to communicate with one another directly,
and the only communication possible is the one-way simultaneous communication from
Alice and Bob, to the Referee. The objective for Alice, Bob and the Referee is to collectively
output the correct value of some pre-defined function f(x, y) with as high probability as
possible, while minimizing the total amount of communication.

In 2001, the work by Buhrman et al [BCWDW01] introduced the notion of quantum
fingerprinting for the randomized SMP model with private randomness. Their problem
involved Alice and Bob receiving inputs x, y ∈ {0, 1}n respectively and the task of the
Referee is to compute the Equality function EQ(x,y) of the inputs i.e.

EQ(x,y) =
{

1 if x = y
0 if x 6= y

(3.1)

For this problem, they proposed a quantum protocol which performs the task with
exponentially lower resources compared to the classical analogue.

There have been several other examples where communicating quantum information
results in considerable savings in the communication overhead [BCW98, Raz99, BYJK04,
GKK+07, Gav16, RK11]. Nevertheless, it is in general difficult to test these results ex-
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perimentally and demonstrate quantum superiority in practice since the quantum protocols
require the creation of high dimensional superposition states and sustaining them for the
entire duration of the experiment. These states can either be prepared using single photons
in a superposition over large modes, or by preparing large, highly entangled states. These
preparation methods are out of the reach of current photonic technologies.

Recently, Arrazola and Lütkenhaus proposed a mapping for encoding quantum commu-
nication protocols involving pure states of many qubits, unitary operations and projective
measurements to protocols based on coherent states of light in a superposition of optical
modes, linear optics operations and single-photon detection [AL14a]. This powerful model
was used to propose the practical implementation of coherent state quantum fingerprints
[AL14b], leading to two experimental demonstrations: a proof-of-principle use of such
fingerprints for solving the Equality task asymptotically better than the best known clas-
sical protocol with respect to the transmitted information [XAW+15]; and a subsequent
implementation beating the classical lower bound for the transmitted information [GXY+16].
Following these demonstrations that have focused on Equality and on transmitted information,
an important question remains:

“Is there a realistic model for proving and testing in practice that quantum information is
asymptotically better than classical for communication tasks with respect to all important
communication and information resources?"

We answer in the affirmative by proposing a communication model and a task for which
we prove that quantum mechanics allows for a considerably more efficient protocol in all
relevant resources. We do this by building upon the mapping of [AL14a] to introduce coherent
state fingerprints over multiple channels and show how to use them for solving efficiently a
task that is at the foundation of many applications in Machine Learning, namely estimating
the Euclidean distance of two real vectors within a constant factor. Our results show that,
in principle, it is possible to demonstrate quantum superiority for advanced communication
tasks in quantum networks using photonic technologies within experimental reach.

Over the next sections, we introduce the SMP model for solving the Euclidean distance
problem. Our first model shows savings only in the transmitted information resource. In
the second half of this chapter, we propose the modified SMP model involving multiple
channels between Alice/Bob, and the Referee. This allows for reductions in the relevant
transmitted information as well as time resources. Further we propose a method to implement
the modified SMP model using an all-optical orthogonal frequency division multiplexing
technique, a common multiplexing technique employed in the classical domain. Finally, we
discuss the experimental implementation for the SMP model to solve the Equality problem.
Our implementation is the first implementation of SMP model with separate paths for
Alice and Bob. This is in contrast to the previous implementation based on sagnac loop
interferometers, which allowed for a possibility of a direct communication between Alice
and Bob. We discuss the advantages of this implementation and give a proposal to extend
this to Euclidean distance implementation.



3.2 Communication Resources

The communication cost of the protocol is the number of bits the two players have to send to
the Referee and the communication complexity is the minimum communication cost over all
protocols that solve the task. In real world communication networks very often the cost is
rather calculated as the time one uses the communication channel, for example on the phone
network. We note that these costs are interchangeable, provided that the communication
channel has a specific maximum rate. We define the time unit as the time to send a single bit
over the communication channel, and then, in an optimal protocol, bits and communication
time are equal, since one will always send one bit per time unit. Another resource one can
study is the transmitted information, which instead of the number of bits sent, calculates
the real bits of information about the inputs that the messages carry. For example, if Alice
always sends the same, long message, independent of her input, then the communication
time will be large, while the transmitted information will be zero, since no information about
the input has been transmitted. Transmitted information is a resource that is important for
privacy, when on top of having an efficient protocol, we want the Referee to solve the task
without learning much about the players’ inputs. One can define the transmitted information
as the mutual information between the messages and the inputs and can upper bound it with
the logarithm of the number of different messages. The transmitted information is always at
most the communication time, since one bit carries at most one bit of information, and hence,
the bottleneck is always the time.

We can similarly define the resources for quantum protocols. The communication time
is again the number of time units the protocol takes, where in a time unit at most one qubit
can be sent in expectation. Here, we have added “in expectation” since typically in quantum
communications the qubits are realized by photons emitted by practical light sources and
hence their mean number follows a poisson distribution [SBPC+09]. In the following, we
also make this change to the classical model to make a more correct comparison, i.e., we allow
one bit in expectation per time unit, which does not change the order of the communication
time. We will also upper bound the transmitted information as the logarithm of the minimum
dimension of the hilbert space that contains all the possible quantum messages that are sent
in the protocol. For example, if Alice has as input an n-bit string x and sends a message that
contains n/2 qubits of the form |x1x2..xn/2〉 and another n/2 qubits in the state |0〉, then the
communication time is n, while the transmitted information is n/2.

3.3 Euclidean Distance Problem

We now describe a fundamental communication task. Our task involves two parties Alice and
Bob, who possess large data sets x and y respectively, which are unit vectors in Rn. They
would like to estimate the closeness of their data set, or in words the Euclidean distance (for
simplicity we define its square), ||x− y||22 = ∑n

j=1(xj − yj)2 (equivalently, the inner product



relates to Euclidean distance by 〈x, y〉 = 1− ||x− y||22/2).

Under this model, Alice and Bob are not allowed to communicate among themselves
once the protocol begins. Their only communication is via the Referee. The parties are
required to send a single round simultaneous message to the Referee, who after the receiving
the message m(x) and m(y) respectively from the parties, outputs the value of Euclidean
distance, ED(x,y), within a fixed constant ε, with a desired success probability at-least 1− δ.

Intuitively, to solve the problem, Alice and Bob can transmit their entire data to the
Referee, but this is non-optimal. The idea is to send fingerprints of the data, which are
much shorter but still allow the Referee to approximate their Euclidean distance within some
additive constant. Figure 3.1 illustrates the SMP model to estimate the Euclidean distance
problem.

Figure 3.1: Illustration of the simultaneous message passing model to estimate the Euclidean
distance of two distributed inputs x, y ∈ Rn.

3.4 Best known Classical Protocol & Lower Bound

3.4.1 Relating Euclidean Distance and Equality

Before talking about the classical protocol and lower bounds for Euclidean distance problem,
we see how this problem is related to the problem of computing Equality within some error
probability. The idea is to relate the lower bound for Euclidean distance with the already
known bounds for Equality.

Suppose we have a classical protocol that solves the Euclidean distance problem. For
input size n, this protocol approximates the Euclidean distance within a fixed constant ε with
a success probability at least 1 − δ. Using this protocol, we can construct the protocol to
solve the Equality problem with success probability at least 1− δ. To construct a protocol for
Equality, we choose an error-correcting code (ECC) that amplifies the n-bit inputs x and y to
m-bit codewords E(x) and E(y) respectively, with the hamming distance for such a code
being d > 2ε. Then, upon using the Euclidean distance protocol on the codewords E(x) and



E(y), we have:

ED

6 ε if E(x) = E(y)
> (d− ε) > ε if E(x) 6= E(y)

(3.2)

Thus Eq.(3.2) implies that ED 6 ε iff E(x) = E(y) which is only possible if x = y. The
other scenario can occur only iff x 6= y. Hence, this protocol solves Equality on inputs x and
y with probability > 1− δ.

The above reduction implies that any protocol estimating Euclidean distance within an
error probability also solves the Equality problem within the same error probability. The
resources required for solving the Equality problem with optimal resources is a lower bound
on the resources required to estimate the Euclidean distance problem.

3.4.2 Classical Lower Bound

Classically, this problem requires Alice and Bob to send fingerprints of size Ω(
√
n) as

shown independently by Ambainis et al. [Amb96] , Babai et al. [BK97] and Newman
et al. [New91, NS96]. We consider here that Alice and Bob do not have access to any
shared randomness, otherwise the problem can be solved with only constant communication
[KNR99]. It is a natural assumption that parties do not a priori have such shared resources,
especially in large networks where the communication is between many different pairs of
parties.

Further works by [GXY+16] improved on the existing classical lower bounds. The
tightest lower bound has been proposed by Arrazola et al. [AT16] where they prove the lower
bound on the communication complexity (CC) of any classical protocol that computes Equal-
ity in the private randomness SMP model. This is also the lower bound on communication
complexity for computing the Euclidean distance function. Their result states that to compute
the Equality function within an error probability δ ∈ [0, 1

2), the communication resource is,

CC(EQ, δ) > 2
√
g(δ)
√
n− g(δ)− 6, (3.3)

where g(x) = 2(1/2− x)2 log e.

3.4.3 Best Classical Protocol

As proposed by Babai et al. [BK97], the best classical protocol for solving the Equality
problem uses 2

√
n + 1 bits and succeeds with probability 1/4. To get the desired success

probability 1− δ, the protocol is repeated k = log(1
δ
) 1

log 4/3 times. Thus the classical resource
is 2k
√
n+ k .



3.5 Quantum Protocol

Quantum fingerprints to estimate the Euclidean distance can be exponentially shorter than the
classical messages. The qubit protocol involves Alice and Bob creating and sending quantum
fingerprints, namely

|finz〉 =
n∑
j=1

zj |j〉 (3.4)

where z is the n-bit string x, y of Alice and Bob respectively.

The Referee, upon receiving the fingerprints, estimates the Euclidean distance by per-
forming a controlled swap operation on the fingerprints as shown in Figure 3.2. This gate
operation outputs “1” with probability 1/2 + |〈x, y〉|2/2 [BCWDW01].

Figure 3.2: Swap test circuit employed by the Referee on the incoming fingerprint states. The
probability of obtaining the output “1” relates to the inner product and hence the Euclidean
distance of the inputs.

The Referee estimates this probability, and hence the Euclidean distance, within an
additive constant ε with probability at least 1− δ, using a constant number of fingerprints
equal to O(log(1/δ)/ε2). The communication time is O(log2 n), since Alice and Bob send
a constant number of fingerprints, and each fingerprint consists of log2 n qubits and can
be sent in log2 n time units. The transmitted information is also O(log n) and is equal to
the communication time. Hence, if we look at the ratio of the quantum over the classical
resources, then both the resources asymptotically goes to zero as n grows. Unfortunately,
implementing these fingerprints with qubit systems is out of reach for current technologies
for large n values.

The notion of quantum fingerprints has been used in practice for the Equality problem
[AL14b, XAW+15, GXY+16], where the inputs are n-bit binary strings and the Referee
checks whether the two strings are equal or not. We have already established that the Equality
problem can be reduced with the help of error correcting codes to approximate the Euclidean
distance between the two vectors within a constant factor. Since most real data is represented
as real-valued vectors, the Euclidean Distance problem is more pertinent than Equality, since
it is rather improbable that two different sets of real-valued data will be exactly equal. Hence,



here, we extend the use of the term quantum fingerprints to real-valued inputs, where we
address whether the fingerprints can be used to approximate the distance of the inputs.

3.6 Coherent State Protocol

The coherent state mapping of [AL14a] led to a protocol for Equality with communication
time O(n) and transmitted information O(log2 n). This protocol therefore provides an
exponential advantage in the transmitted information, at the expense of a quadratically worse
performance in communication time compared to the classical protocol, for which the order
of both resources is Ω(

√
n).

A schematic of the corresponding protocol for Euclidean Distance is shown in Figure 3.3.
Alice and Bob’s fingerprints are trains of n coherent states sent to the Referee. Alice’s state,
|αx〉, is prepared by the displacement operator D̂x(α) = exp(αâ†x − α∗âx) applied to the
vacuum state, where âx = ∑n

j=1 xj b̂j is the annihilation operator of the fingerprint mode
[AL14b], and b̂j is the photon annihilation operator of the j th time mode. Hence,

|αx〉 = D̂x(α) |0〉 = ⊗nj=1 |xjα〉j , (3.5)

where |xjα〉j is a coherent state with amplitude xjα occupying the j th mode. The mean
photon number for the state |αx〉 is µ = ∑

j |xjα|2 = |α|2, independent of the input size. Bob
similarly creates the fingerprint |αy〉.

Figure 3.3: Alice and Bob send n coherent pulses, with the j th pulse’s amplitude determined
by xjα and yjα, respectively. The Referee interferes their states in a 50/50 BS and detects
the output signals using single-photon detectors D0 and D1.

3.6.1 Euclidean Distance protocol analysis without imperfections

In this section, we analyse the performance of Euclidean Distance protocol in ideal condition
i.e. without any experimental imperfections.

Once the coherent state fingerprints from Alice and Bob arrive at the Referee sequentially
in time-bin modes, he uses a 50/50 beam splitter (BS) to interfere the incoming coherent
states as shown in Figure 3.3.



At each mode, the beam splitter transforms the input operators {â†, b̂†} into the output
modes {ĉ†, d̂†} as depicted in Figure 3.4.

Figure 3.4: Illustration of a 50/50 beam splitter transforming input modes {â†, b̂†} into the
output modes {ĉ†, d̂†}.

This input to output mode conversion for the 50/50 beam splitter is given as,

â† → 1√
2

(ĉ† + d̂†)

b̂† → 1√
2

(ĉ† − d̂†)
(3.6)

The input state received by the Referee in the j th time unit is,

|xjα〉j ⊗ |yjα〉j , (3.7)

In the ideal scenario, this yields the output state,

|(xj + yj)√
2

α〉
j,D0

⊗ |(xj − yj)√
2

α〉
j,D1

, (3.8)

where the subscripts D0 and D1 denote the single-photon detectors placed at the output arms
of the BS.

Previously, for Equality, only the clicks of D1 have been used for the estimation. Then,
since the expected number of clicks of the detector depends directly on its dark count
probability, it is crucial to keep this probability very low. Here, we try to deal with this
problem, by using the clicks from both detectors to construct a more robust estimator for the
ED that can also be used for Equality.

More precisely, let Z0
j and Z1

j be the binary random variables that are 1 with the
probability with which D0 and D1 clicks respectively at the j th time unit, namely p0

j =
1 − exp(−µ(xj+yj)2

2 ) ≈ µ (xj+yj)2

2 , and p1
j = 1 − exp(−µ(xj−yj)2

2 ) ≈ µ (xj−yj)2

2 . Here, the
approximation holds because we take µ to be typically small, and x and y are unit vectors in
Rn and for large n the terms (xj + yj)2 and (xj − yj)2 are typically in the order of 1/n. The
Euclidean distance (Ẽ) is equal to



Ẽ = 2− 1
µ
E[

n∑
j=1

(Z0
j − Z1

j )]. (3.9)

The advantage of using statistics from both detectors comes from the fact that the
Euclidean distance estimator depends now on the difference of the clicks of the detectors,
and hence on expectation the number of dark counts cancels out, when we assume the dark
count probabilities are the same for both detectors. We remark that this can be enforced by
symmetrization procedures [PJL+14], although in practice, since the symmetrization will
not be perfect, the estimator will in fact depend on the square of the dark count probability,
which is easier to keep low.

By a Chernoff type argument [UM05], we can optimize the experimental parameters so
that we can estimate

∑n
j=1(Z0

j − Z1
j ) within a factor ε with probability at least 1 − δ. For

constant ε, δ, the overall communication time is O(n) while the transmitted information
is O(µ log n). Note that in each time unit, µ/n � 1 photons are sent in expectation, thus
satisfying our model’s criterion of no more than one photon in each time unit.

3.6.2 Analysis in presence of Experimental imperfections

The coherent state fingerprinting implementation has three main sources of error. (i) The
transmission loss is characterized by parameter 0 6 η 6 1 which changes the state α to
α′ = √ηα. This factor decreases the probability of obtaining a click in the detectors by a
factor of η. (ii) The limited interferometer visibility 0 6 ν 6 1, and (iii) the dark count
in the detectors characterized by probability pdark. In presence of these imperfections, the
output states for the Referee in the detectors D0 and D1 at the j th time unit is,

| α√
2

(√
ν(xj + yj) +

√
1− ν(xj − yj)

)
〉
j,D0

⊗ | α√
2

(√
ν(xj − yj) +

√
1− ν(xj + yj)

)
〉
j,D1
(3.10)

LetZ0
j andZ1

j be the binary random variables with value 1 with probability Pr[click in j,D0]
and Pr[click in j,D1] respectively, for the j th time unit and value 0 otherwise. These proba-
bilities are:

Pr[click in j,D0] = pD0
j ≈

µ

2

(
ν(xj+yj)2 +(1−ν)(xj−yj)2 +2

√
ν(1− ν)(x2

j−y2
j )
)

+pd
(3.11)

Pr[click in j,D1] = pD1
j ≈

µ

2

(
ν(xj−yj)2 +(1−ν)(xj+yj)2 +2

√
ν(1− ν)(x2

j−y2
j )
)

+pd,
(3.12)

where pd is the dark count probability for both detectors. We define ∆Zj = Z0
j − Z1

j as the
difference in the clicks from D0 and D1 at jth step. Note that ∆Zj is a random variable that



takes values {−1, 0, 1}. We define ∆Z = ∑
j ∆Zj and we have

E[∆Z] = µ

2 (2ν − 1)(||x+ y||2 − ||x− y||2). (3.13)

Using Eq.(3.13) and the fact that ||x+ y||2 − ||x− y||2 = 4(1− ||x− y||2/2), we obtain
the Euclidean distance between the data sets x and y as

Ẽ = ||x− y||2 = 2− 1
µ(2ν − 1)E[∆Z]. (3.14)

The error in the estimation of the Euclidean distance comes from two different sources:
(i) the estimation of the mean value of ∆Z; and the (ii) error in parameter estimation of µ
and ν, which in general depends on the experimental set-up but can be considered very small.

Let us deal with the first source of error, i.e., the estimation of the mean value of ∆Z.
Basically, we can bound the probability that ∆Z is far from its mean value, by using the
Chernoff/Hoeffding bounds to get a statement of the form: Pr(|∆Z−E[∆Z]| > εE[∆Z]) 6
δ. We prove this bound by the Theorem 4 given below.

Theorem 4. Let X = ∑
j Xj be sum of n random variables with each variable Xj taking

values {1,−1, 0} with probability {p{1}j , p
{−1}
j , 1−p{1}j −p

{−1}
j } respectively. For any a ∈ R,

Pr(X > a) 6
 2P {1}

a+
√
a2 + 4P {1}P {−1}

ae−
(
P {1}+P {−1}−

√
a2+4P {1}P {−1}

)
, (3.15)

where P {1} = ∑
j p
{1}
j and P {−1} = ∑

j p
{−1}
j .

Proof: Markov’s inequality on X = ∑
j Xj gives us for any s > 0,

Pr(X > a) = Pr(esX > esa) 6 E(esX)
esa

. (3.16)

Note that E(esX) = E(es
∑

j
Xj) = ∏

j E(esXj), where we used the property of inde-
pendence of variables Xj . This allows us to prove the Chernoff bound by bounding each
individual E(esXj).

Lemma 1. Let Y be a random variable that takes value 1 with probability p1, -1 with
probability p−1 and 0 otherwise, then for all s ∈ R,

E(esY ) 6 ep1(es−1)+p−1(e−s−1).

Proof: We have

E(esY ) = p1.e
s + p−1.e

−s + (1− (p1 + p−1)).1
= 1 +

(
p1(es − 1) + p−1(e−s − 1)

)
6 ep1(es−1)+p−1(e−s−1).



Applying Lemma 1, we obtain

E(esX) 6
∏
j

ep
{1}
j (es−1)+p{−1}

j (e−s−1) = e
∑

j
p
{1}
j (es−1)+p{−1}

j (e−s−1). (3.17)

We denote P {1} = ∑
j p
{1}
j and P {−1} = ∑

j p
{−1}
j , and by applying the result of Eq.(3.17)

on Markov’s inequality Eq.(4.8) we obtain,

Pr(X > a) 6 eP
{1}(es−1)+P {−1}(e−s−1)−sa. (3.18)

It can be easily verified that s′ = ln
(
a+
√
a2+4P {1}P {−1}

2P {1}
)

minimizes the upper bound in
Eq.(refeq: 9). This concludes our proof:

Pr(X > a) 6
 2P {1}

a+
√
a2 + 4P {1}P {−1}

ae−
(
P {1}+P {−1}−

√
a2+4P {1}P {−1}

)
. (3.19)

To use the above theorem, let us define Λ = P {1} − P {−1} and a = Λ(1 + ε), with
0 < ε < 1. Using the inequality

√
(Λ(1 + ε))2 + 4P {1}P {−1} 6 (P {1} + P {−1}) + Λε we

can relax Eq[3.19] further to:

Pr(X > Λ(1 + ε)) 6
 eε(

1 + Λ
P {1}

ε
)1+ε

Λ. (3.20)

Last, using the following inequalities, which are derived from Eqs[3.11,3.12,3.13],
E[∆Z] 6 2µ(2ν − 1) and

∑
j p

D0
j 6 2µν + (n− 2µ)pd we have:

Pr(|∆Z − E[∆Z]| > εE[∆Z]) 6 2
 eε(

1 + 2ν−1
ν+n−2µ

2µ pd
ε
)1+ε

2µ(2ν−1)

= δ. (3.21)

Eq.(3.21) highlights the contributions of n, µ, ν and pd in the estimation of Euclidean
distance, which can be estimated within any 0 < δ < 1 by controlling the mean photon
number µ, since ν and pd are fixed by the experimental setup used.

3.6.3 Coherent State Resource

The first two rows in Table 3.1 summarize the resources of the two protocols for ED. The
performance achieved with the coherent state fingerprint protocol is the same as for Equality,
i.e., exponentially better in transmitted information but quadratically worse in communication
time. We describe now a quantum protocol that can outperform any classical protocol in both
resources.



Comm. Time Trans. Info.

Classical Ω(
√
n) Ω(

√
n)

Coherent O(n) O(µ log2 n)
Multiple-channel Classical Ω(

√
n

log2 k
) Ω(

√
n

log2 k
)

Multiple-channel Coherent n
k

O(µ log2 n)

Table 3.1: The order of the communication time and transmitted information for all classical
and quantum protocols for Euclidean Distance described in this work.

3.7 Multiplexed SMP Model for Euclidean Distance

As mentioned in Table 3.1, the coherent state fingerprinting protocol allows for exponentially
better savings w.r.t to classical analogue but is quadratically worse in the communication
time. To address the issue of improving the communication time, we propose a new extended
classical and quantum communication models to allow Alice and Bob to have multiple
channels with the Referee. In particular, Alice and Bob can use k channels, where in every
communication time unit, they can send in expectation at most one bit or one photon in total
over all k channels. Of course, it may be possible that the Referee can process more than
one bit or photon over the k channels but as we will explain below this does not change the
nature of the advantage gained in the quantum case: the key point for our model is that for
each bit or photon that can be processed by the Referee in one time unit, he and the sender
can choose among k different channels, i.e., the number of available channels exceeds the
number of bits or photons that can be processed by the Referee by a factor of k.

In this model, in the classical case, the use of multiple channels reduces the communica-
tion by at most a log k factor, since we can simulate any multiple channel protocol with a
single channel one with a log2 k overhead: for every bit sent through one of the k channels,
we send the same bit and the index of the channel in log k bits through the single channel.

In the quantum case, we can take a better advantage of the multiple channels and have a
protocol with communication time of order n/k, while the transmitted information remains
of orderO(log2 n). The reason is that most of the pulses sent are empty of photons and hence
we can use the multiple channels to send in parallel many pulses, without sending more
than one photon in expectation per time unit. More precisely, Alice and Bob divide their n
bit input into k sub-strings, each of length n/k. They create coherent state fingerprints for
each of the k sub-strings and at each time unit they send k pulses through the channels, one
from each of the k fingerprints. The Referee interferes the corresponding pulses as in the
initial protocol, either by using k sets of BS and detectors, or by time ordering the pulses and
using a single set of BS and detectors. The communication time is now reduced by a factor
of k. By choosing k to be Ω(

√
n), we can make both resources of the quantum protocol

asymptotically smaller than the best classical protocol. The expected number of photons in
each time unit is µk/n, which for large enough n and since k is asymptotically smaller than



Figure 3.5: Our multiple-channel protocol. Alice and Bob create coherent state fingerprints
for each of the k sub-strings and at each time unit they send the corresponding set of k pulses
to the Referee. The Referee interferes all k pairs of pulses through a BS and processes the
resulting information (at most 1 bit or photon per time unit). The protocol proceeds similarly
for all n/k time units and the Referee estimates the ED.

n can be made < 1, hence satisfying the no more than one photon per time unit constraint.

As we mentioned above, if the Referee can treat more than one bit or photon per time
unit, say t, then by assuming we have k × t available channels, both the classical and
quantum protocols save an additional factor t and so the ratio of the classical and quantum
communication time remains unchanged. Figure 3.5 illustrates our model for t = 1. In the
next section, we describe a possible realization of our protocol using multiplexing techniques.

The last two rows of Table 3.1 compare the classical and quantum multiple-channel
protocols for ED. This is the first example of a model and a task, for which in principle, a
realistic quantum protocol is asymptotically more efficient both in the communication time
and the transmitted information than any classical protocol.

3.7.1 OFDM Multiplexed Implementation

One way to implement the multiple-channel protocol proposed in our work is by using k phys-
ical channels. This would be the case for backbone communication networks, where nodes
are connected via a large number of channels. Another way could be to employ all-optical
orthogonal frequency division multiplexing (OFDM), an advanced classical multiplexing
technique that has recently been adapted for performing high-rate quantum key distribution
[BRS15]. Here, we propose an idea of using frequency multiplexing techniques to send
multiple fingerprints in parallel along the k frequency channels in order to reduce the run
time of the protocol.

Orthogonal Frequency Division Multiplexing: The most spectrally efficient method to
multiplex different channels is to use OFDM ( Orthogonal Frequency Division Multiplexing).
This is a method of encoding digital data into multiple narrow band orthogonal frequency
sub-carriers. The major advantage of the sub-carriers being orthogonal is that although the



side-bands from adjacent carriers overlap, they do not interfere with each other. Hence they
can be demultiplexed easily because the carriers being sine/cosine wave, the two sinusoids of
different frequencies cancel out over a period.

Figure 3.6: Illustration of fingerprints over an OFDM encoder and decoder. The fingerprints
are multiplexed by an all optical OFDM encoder and the Referee uses the OFDM decoder to
get back the fingerprints for both Alice and Bob.

Under this scheme, Alice and Bob create their coherent state fingerprints for each of the
k sub-strings using k orthogonal frequency sub-carriers and pass it on to the OFDM encoder
which multiplexes the sub-carriers. This is then sent to the Referee for demultiplexing.
The decoding is usually carried out using the Fast Fourier Transform (FFT) to get back the
individual fingerprints. These individual fingerprints are then subsequently interfered in the
Referee’s BS to estimate the Euclidean distance. Figure 3.5 gives a pictorial illustration of
fingerprints being encoded with sub-carriers, multiplexed with OFDM encoder and finally
demultiplexed by the referee to get back the fingerprints.

The OFDM sub-carriers that carry the fingerprints in parallel can either be generated from
a bank of frequency offset locked laser diodes or alternatively, the output of a pulsed laser
source such as a mode locked laser(MLL) is split into several paths using an optical splitter
(such as an optical Inverse Fast Fourier Transform (IFFT) structure to generate orthogonal
frequency sub-carriers.

Encoding

We consider the creation of OFDM sub-carriers using a MLL. Once the output of a MLL is
split into k orthogonal sub-carriers, Alice and Bob encode their k sub-fingerprints sequentially
into these k sub-carriers.

Each adjacent sub-carrier is separated by the frequency ∆f and the pulse width of the
encoded fingerprint signal is T = 1/∆f . Now assume that at the time unit t1, each sub-carrier
j has a creation operator E†1j associated with it such that it carries the quantum state E†1j |0〉.



The encoded OFDM fingerprint signal Ê1(t) (subscript denotes time),

Ê1(t) |0〉 =
k∑
j=1

E†1je
iωjt, 0 < t < T, (3.22)

where the frequency of the i-th sub-carrier is denoted by ωi = ω0 + 2πi∆f .

At the first time unit t1, Alice’s coherent pulses for each of the k sub-strings are {|x1α〉1,
|xn

k
+1α〉1 ,.. , |x (k−1)n

k
+1α〉1}. They get encoded in the OFDM signal,

Ê1(t) |0〉 =
k∑
j=1

e−
|x (j−1)n

k
+1
|2µ

2 e
x (j−1)n

k
+1
αâ†j
eiωjt |0〉 (3.23)

for 0 < t < T. Bob employs the same multiplexing technique to prepare his OFDM signal.

Once the Referee receives the OFDM signal, he proceeds to demultiplex them in order
to obtain the individual fingerprint coherent pulses from Alice and Bob respectively and
interfere them sequentially in his 50/50 BS. It takes n

k
time-units for the Referee to receive

the entire fingerprint state from Alice and Bob.

Decoding

The decoding is performed when the Referee applies an Optical Discrete Fourier Transform
(ODFT) on the input signal Ê1(t) received in the first time unit t1. The ODFT circuit
effectively samples the input signal Ê1(t), with pulse width T, into k time-equidistant signals
Ê1(t− (q − 1)Tc), where the sub-channels q ∈ {1, .., k} and, Tc = T/k. The output state of
the ODFT decoder is,

D̂q
1(t) |0〉 = 1

k

k∑
j=1

Ê1(t− (q − 1)Tc)ei2π(j−1)q/k (3.24)

Using the orthogonality condition ∆f = 1
T

and from Eq.(3.23), the ODFT operator reduces
to,

D̂q
1(t) =

k∑
l=1

e−
|x (l−1)n

k
+1
|2µ

2 e
x (l−1)n

k
+1
αâ†j
eiωlt

(1
k

k∑
j=1

ei2π(j−1)(q−l)/k
)

(3.25)

Analysing Eq.(3.25), the term in the bracket is non-zero iff q = l, which thus extracts the
coherent pulse |x q−1

k
+1α〉1. Similarly the fingerprint pulses in other time-steps are decoded

via the ODFT decoder.

Passive Circuit Implementation for ODFT

There are two approaches (active and passive) to implement the ODFT decoder circuit. Here,
inspired by Bahrani et al.[BRS15], we look at the passive circuit implementation of the



ODFT circuit. The major advantage in using passive circuit implementation is it does not
involve any extra power consumption and is easier to implement compared to the active
circuit.

The ODFT circuit to decode a k-ODFM signal requires an ordering of k-1 Mach Zhender
Interferometer (MZI)’s. To illustrate the extraction mechanism using the MZI’s we take
an ODFT circuit for the number of sub-channels k = 4. The implementation of this circuit
requires 3 MZIs.

Figure 3.7: (a) Passive ODFT circuit implementation for k = 4 channels with delays and
phase shifts. This ordering of MZIs directly does the serial-to-parallel conversion of the input
signal and then does the FFT leading to the individual channel extraction. (b) shows the
shifted replica of input ODFM signal for k = 4. The shift values are {0, T/4, T/2, 3T/4}.

Figure 3.7 shows the left MZI take as input the signal Ê1(t) and the vacuum operator
Ô1(t) =

∑k
j=1 Ô1ke

iωkt. The outputs from the left MZI has a delay of T/2 between them. They
are respectively fed to right up and right bottom MZI. The right up MZI has the vacuum
operator Ô2(t) =

∑k
j=1 Ô2ke

iωkt and the right bottom has Ô3(t) =
∑k
j=1 Ô3ke

iωkt as one of the
inputs. The output operators {D̂1

1(t), D̂2
1(t), D̂3

1(t), D̂4
1(t)} leads to the individual channel

extraction.

The operation of a MZI can be written as a transformation matrix taking the inputs to
outputs. For a frequency ω, the matrices are,
For the left MZI :

Bω,1 = 1
2

[
1 i
i 1

] [
1 0
0 e−i(ω

T
2 )

] [
1 i
i 1

]
, (3.26)

for the right up MZI :

Bω,1 = 1
2

[
1 i
i 1

] [
1 0
0 e−i(ω

T
4 )

] [
1 i
i 1

]
, (3.27)



for the right bottom MZI :

Bω,1 = 1
2

[
1 i
i 1

] [
1 0
0 ie−i(ω

T
4 )

] [
1 i
i 1

]
, (3.28)

Now, by applying these transformations to the OFDM signal for the sub-carrier q at time unit
t1, we obtain, (

Ê†′1q(t)
Ô′q(t)

)
= Bωq ,1

(
Ê†1q(t)
Ô1q(t)

)
(3.29)

(
D̂1,q

1 (t)
D̂2,q

1 (t)

)
= Bωq ,2

(
Ê†′1q(t)
Ô2q(t)

)
(3.30)

(
D̂3,q

1 (t)
D̂4,q

1 (t)

)
= Bωq ,1

(
Ô′q(t)
Ô3q(t)

)
(3.31)

The output decoder operator for channel q can then be obtained by taking the superposition
of different frequencies.

D̂q
1(t) =

4∑
j=1

D̂j,q
1 (t) (3.32)

The output operators will have contribution from vacuum operators Ô1, Ô2 and Ô3, but
they can be collected together and ignored in the final result. Similarly, the generalised
construction for the passive decoding circuit can be done for any arbitrary k value.

3.8 Experimental Implementation

In this section we propose a novel proof-of-principle experimental setup to estimate the
Euclidean distance problem using coherent state fingerprints and demonstrate the quantum
advantage in the transmitted information resource. This implementation is done using the
home made set-up as shown in Figure 3.8. This proposal is in sharp contrast with the previous
proof-of-principle experiments to solve the Equality problem using coherent state fingerprints
[XAW+15, GXY+16]. The previous set-ups relied on sagnac loop based experiments to
cancel the path difference between Alice and Bob and to make sure that the fingerprints
from the two parties arrive at the Referee’s beam splitter (BS) at the same time. Under the
sagnac loop based experiments, Alice’s modulated pulses traverses through Bob’s paths and
vice-versa. This opens up the possibility of communication between the two parties during
the protocol run which is strictly not allowed in the model.

Our proposal does not have this possibility of intercommunication between the two
parties. We ensure this by separating the paths of Alice and Bob and carefully adjusting their
path lengths to ensure that the pulses arrive at the Referee’s BS simultaneously. This amounts
to having high visibility (ν) factor in the experiments. The first row of Table 3.2 shows the



experimental imperfection values obtained during the experiment. We see that we are able to
reach pretty high ν values in our experiment.

3.8.1 Experimental Methods

Our experimental set-up is divided into two loops. Front loop and the Phase correction loop.

Front loop: The coherent state for Alice and Bob is produced by the ultra low line-width
(∼10kHz) continuous wave laser source, Laser1 (Pure Photonics ∼ 1563nm). This is then
chopped into time-bin coherent pulses by the amplitude modulator (AM) that is modulated
using a function generator to create pulses with the repetition rate of 1MHz and duty cycle of
50%.The variable optical attenuator (VOA) is then used to bring the mean photon number in
the pulses to the desired level. The isolator (IS) after the VOA is introduced to ensure that the
laser power is transmitted only in the forward direction and pulses coming from the Laser2
are blocked, thus ensuring no harm to Laser 1. We use the balanced 50/50 beam splitter(BS1)
to monitor the power of the pulses. The second 50:50 BS2 splits the two paths, the upper
path corresponding to Alice, and the lower corresponding to Bob. We introduce a delay line
(DL) to perfectly fine tune the path lengths of Alice and Bob. This ensures that the pulses
from Alice and Bob arrive simultaneously in the 50/50 BS3. In our setting, Bob’s path is
longer than Alice’s path by 17.1mm (fiber length). We compensate this path difference with
the DL. Alice does the phase (PM) and amplitude modulation (AM) of her coherent pulses
sequentially according to the input string x ∈ Rn. This voltage corresponding to the input is
provided to the modulators via the data acquisition card (DAQ) in our set-up. Bob performs
the similar modulation according to her input bit y ∈ Rn. The pulses from Alice and Bob
interact sequentially in the Referee’ BS3. Normally, all the pulses should interact according
to Eq.(3.10), but in reality there is a phase drift over time in Alice’s and Bob’s pulses. This
phase drift is due to the laser pulses traversing in the optical fiber. Usually under stable
temperature conditions, this phase drift is slow and can be tracked and corrected effectively.
To make sure we cancel the effect of phase drift, we introduce the phase correction loop to
monitor and correct the phase drift in the pulses.

The path leading to the single photon detector (D0) has the circulator C, which allows
the transmission only in anticlockwise direction. The length of the circulator is ∼ 2m. We
introduce a fiber length of 2m in the lower path to maintain the same arrival times for the
pulses in the detectors D0 and D1. We introduce the optical filters(OF) just before the
detection, to allow only the pulses from the Laser1 (λ = 1563nm) to pass through and blocks
any contribution from Laser2 in the photon counts. Finally for the detection, we use the two
high efficiency, low dark count pulsed ID201 (manufactured by ID Quantique) detectors. The
clicks are recorded in the DAQ (manufactured by National Instruments).

Phase correction Loop: We introduce the second continuous wave laser source, Laser2
(Pure photonics ∼ 1527nm) to monitor the phase drift in Alice and Bob’s paths. The laser
source is modulated with the AM to produce laser pulses at 1MHz repetition rate and duty



Figure 3.8: Experimental set-up for estimating the Euclidean distance using coherent state
fingerprints. The set-up has a Front loop, operated by continuous wave laser source, Laser1,
at λ = 1563nm, while the Phase correction loop is operated by the laser source, Laser2, at
λ = 1527nm. In the Front loop, the amplitude modulator AM creates coherent pulses, which
are brought to the desired mean photon level using the variable optical attenuator (VOA). The
Isolator (IS) ensures that no power of the pulses from Laser2 reaches Laser1, thus preventing
the Laser1 from any harm. One output arm of the 50/50 beam splitter (BS1) is given to power
meter to monitor the power, and hence the average photons in the pulse. BS2 splits the two
paths, the upper path for Alice and lower path for Bob. We introduce a delay line (DL) in the
paths to perfectly fine tune the paths lengths of Alice and Bob to ensure that they arrive at
the Referee’s BS3 simultaneously. Alice and Bob use their AM and PM to modulate their
pulses sequentially according to the input strings x, y ∈ Rn. We use the data acquisition card
(DAQ) to provide the voltage (according to the input) to the AM and PM. After interaction of
the pulses in BS3, the path leading to single photon detector D0, has a circulator (C) which
directs the Laser1 pulses into the detector. An optical filter (OF) only lets pulses from Laser1
to pass through and blocks the Laser2 pulses. We use the Phase correction loop to monitor
and correct the phase drift over time in Alice’s and Bob’s paths. The pulses from Laser2
enter the set-up from an arm of C, passes through BS3 to split into Alice and Bob’s paths,
and interfere in BS2. We monitor the phase drift in the photo diode (PS) connected to the
output arm of BS2.

cycle of 50%. The pulses then enter set-up via one arm of C. They are split into Alice’s
and Bob’s paths via the BS3. Upon interacting in BS2, the output of the phase correction
pulses are then collected into the photo-diode PD which gives the information of the phase
drift in the two paths. The phase drift is then analysed and corrected using the following



technique. Before describing the technique, we note that the phase drift is not corrected for
each and every pulse. This is because our experiment runs at a high speed of 1Mhz and, it is
realistically not feasible to for the computer to process the phase information and correct it
for each and every pulse. Second, the phase drift is slow due the high stability of the laser
and the set-up, hence it is not required to correct this drift for each pulse. We rather correct
an average phase drift over a number of pulses. We make blocks of pulses and track the
average the phase drift in one block to use it to correct the drift for the next block. This block
construction is illustrated in Figure 4.8. We choose a block size of 8192 pulses. The first
7680 pulses are used for protocol run. The second segment of block Alicetrack, tracks the
phase drift in the path corresponding to Alice’s PM. This is done by giving a ramp voltage
in Alice’s PM from -5V to +5V, and 0V in Bob’s PM across 256 pulses. The response of
the linear ramp voltage across a phase modulator is a cosine function A cos(ωt+ φ) which
is tracked in the PD. While modelling the expected response with the actual response, we
get the information of phase and phase drift upto a certain error. Let Vbias be the voltage
corresponding to the phase drift, then the voltage across Alice’s PM for the next block gets
added by factor Vbias i.e. VPM = Vxi + Vbias. We similarly track and correct the phase drift
in Bob’s PM over the last 256 pulses of the block, Bobtrack.

Figure 3.9: Block illustration for analysing the phase drift in pulses. Phase tracking is done
once for every block of 8192 pulses. The first 7680 pulses are used for protocol encoding.
The second part of the block Alicetrack, tracks the phase drift in Alice’s PM. For this we give
a ramp voltage from -5V to +5V in Alice’s PM and 0V in Bob’s PM. The third part of the
block Bobtrack, tracks Bob’s PM by giving a ramp voltage from -5V to +5V in Bob’s PM and
0V to Alice’s PM.

3.8.2 Experimental Analysis

We perform a proof-of-principle experiment using coherent state fingerprints over a standard
telecom wavelength of λ = 1563nm at 1Mhz.

Table 3.2: Experimental & Simulated parameters
ηchannel ηdet ν pdark

Exp. 3.5dB 15% (98.8± 0.3)% (2.1± 0.2) ∗ 10−5

Sim. 3.5dB 90% (98.8± 0.3)% (1± 0.1) ∗ 10−8

The overall channel loss in the channel i.e. the loss before Alice and Bob apply their
phase modulator (PM) to the input of detectors D0 and D1 is 3.5dB. This parameter is shown



in Table 3.2. Further, our detectors operate at 15% efficiency. The combined effect of channel
loss and limited detector efficiency results in transmission of higher mean photon number µ
in the pulses to achieve the desired error rate δ.

The limited visibility (ν) in the set-up, accounts for the mismatch in the interference of
Alice and Bob’s pulses. This is maximized by reducing the optical path length difference
between the two parties using the delay line (DL). This adjustment was done by first sending
an input string 0n to both Alice and Bob and recording the clicks obtained in two detectors
and then sending 0n and 1n to Alice and Bob respectively and observing the clicks.

We further carefully inspected the dark counts in our detectors when there was no signal
from the lasers. Our detectors are set at the dead time of 10µs. This means that after the
detector records a click, there is no recording of the clicks for the next 10 pulses. This is not
an issue for us as the probability of a click across 10 pulses� probability of the click across
rest of the pulses in the input. The reason for this is the extremely low photon number per
pulse.

With the experimental imperfection values obtained in the testing phase, we calculate
the optimal average photon number µ required for each input size, n, that estimates the Eu-
clidean distance problem. Figure 3.10 includes the plot of observed experimental transmitted
information points for these input sizes [109, 2× 109, 3× 109, 4× 109, 5× 109]

3.9 Resource Comparison with Classical Protocol & Lower
Bound

We compared the resources for the optimal classical protocol and classical lower bound,
with the coherent state protocol to compute the Euclidean distance problem within ε = 0.2
with error probability δ 6 10−6. In Figure 3.10 we plot the transmitted information and
communication time resource as a function of input size n for the multiple-channel protocol
with k = O(

√
n), and compare its performance with the classical lower bound and with the

best known classical protocol.

3.9.1 Comparison of Transmitted Information Resource

We have already looked at the transmitted information resource in non-multiplexed scenario,
by computing the classical lower bound in Section 3.4.2, and the optimal classical protocol
in Section 3.4.3. In the multiplexed scenario, the classical transmitted information resource
gets reduced by a factor of log k. This has been argued in the Section 3.7 and we show this
resource in Table 3.1.

The coherent state protocol which sends n coherent pulses with a total average photon
number µ, has the transmitted information resource of µ log n. The optimal value of µ



Figure 3.10: Log-log plot of the transmitted information and time resources vs input size (n)
for solving ED within ε = 0.2 with error δ 6 10−6. In Plot A, we compare the simulated
classical lower bound, the best known classical protocol, and our multiple-channel coherent
state Euclidean distance protocol. The simulation of coherent state transmitted information
resource (blue line) is done with Sim. values of Table 3.2. With these values, the minimum
n to outperform best classical protocol is nmin = 6.74 × 109, while to outperform the
classical lower bound is nmin = 1.67× 1012. The optimized mean photon number for the
coherent states is µ = 1129 The red line shows the performance of multiplexed coherent
state fingerprint in time resource. The number of multiplexed channels scales as k = O(

√
n).

Plot B shows the experimental points for input sizes [109, 2× 109, 3× 109, 4× 109, 5× 109].
These points have been plotted with our current available detectors parameters as listed in
the Exp. row of Table 3.2.

depends on the how well we want to estimate the Euclidean distance, δ, and the success
probability of the estimation, ε. It also depends on the experimental parameters, and is
especially sensitive to the two experimental parameters, η and pdark. The current detectors
used in the experiment have the η, pdark values as mentioned in the Exp. row of Table 3.1.
With these parameters, we run the experiment for the input sizes [109, 2× 109, 3× 109, 4×
109, 5× 109], by providing the optimal µ that estimates the Euclidean distance within desired
ε, δ. The µ values provided for these input sizes were [35787± 100, 49082± 100, 59301±
100, 67923± 100, 75520± 100]. This was achieved by attenuating the laser pulses using the
VOA.

As is evident in Plot B of Figure 3.10, the current set of detectors are far away from
beating even the optimal classical protocol. Rather, in Plot A of Figure 3.10, we plot the
coherent state transmitted information resource (blue line) with the best available super-



conducting detectors [XAW+15]. Their values are listed under Table 3.2 (Sim. row). With
these detectors, the coherent state protocol beats the optimal classical protocol from input size
nmin = 6.74× 109, and the classical lower bound for nmin = 1.67× 1012. Thus, the bottle-
neck in further reducing the coherent state transmitted information resource are efficient
detectors and currently there has been a lot of progress made in this front by manufacturers
including, PhotonSpot [SJZ+18] , SingleQuantum, IDQuantique.

3.9.2 Comparison of Time Resource

The classical communication time in the multiplexed model is the same as transmitted
information resource. This is because, we define the time unit as the time taken by Alice
and Bob to send 1 bit to the Referee. In the coherent non-multiplexed setting, the total
communication time is n, since Alice and Bob are sending n coherent pulses to the Referee.
This communication time is reduced by a factor of k, upon using k-multiplexed channels.
The communication time can be made less that the classical lower bound as long as k > kcrit,
where kcrit makes the quantum protocol time equal to the time in the classical lower bound
and is of the order of O(

√
n). We plot this in Figure 3.10 (red line).

We first see that if we are only interested in the communication time, which is often the
case, then our protocol outperforms the classical limit even for small n and by consequence
for small number of channels which can be feasible in practice. Moreover for large n, our
protocol outperforms the classical limit for both resources. For current parameters, the
number of channels needed is about 105, which may not be realistic. By improving the
experimental parameters one may decrease this number.

3.10 Conclusion

We presented a new multiplexed SMP scheme to solve the Euclidean distance problem within
an additive constant, and with a desired success probability. For this, we demonstrated how
the quantum protocol based on highly attenuated coherent states, linear optics elements, and
single photon threshold detectors can achieve quantum advantage compared to the classical
analogue.

A noteworthy feature of the Euclidean Distance protocol studied in our work is that Alice
and Bob do not need a memory to store their inputs and they do not perform global operations
on them. In other words, this protocol works also in the streaming scenario, where Alice and
Bob receive their inputs one bit at a time [NAS99]. We note that this is not the case neither
for the Equality protocol, where an error correcting code needs to be applied to the entire
input string, nor for the qubit protocol where the fingerprint is encoded in a superposition
of log n qubits. It will be interesting to further explore this scenario for efficient quantum
communications. More generally, expanding the family of distributed tasks in the coherent



state communication model studied in this work is important for demonstrating in practice
quantum superiority in a network setting.



4 Sampling Matching
Communication Problem

4.1 Introduction

Communication complexity, as an ideal resource model for proving quantum superiority,
has been studied in the previous chapter. It involves two or more parties who each receive
an input and their goal to is to jointly perform a distributed task with minimum possible
resources. A lot of previous works towards this end have proved that quantum resources lead
to exponential asymptotic savings compared to the classical resources [BCWDW01, BCW98,
Raz99, BYJK04, GKK+07, Gav16, RK11]. However these protocols have been difficult to
demonstrate experimentally until few years back primarily because these quantum protocols
necessitate creating and sustaining highly entangled states (dimension ∼ 30) with phase and
amplitude encoding, which are out of reach of the current photonic technologies. With the
recent works of Arrazola and Lütkenhaus [AL14a] on an alternative encoding scheme for
quantum communication protocols using coherent states and linear optics, there has been a
significant progress made towards demonstrating these protocols with the current photonic
technologies.

In this chapter, we study two different tasks in single-round one way communication
complexity model. This model consists of two parties, let’s say Alice and Bob. Only Alice is
allowed to send a single round communication message to Bob, who then conditioned on the
message, outputs a solution to the given communication task. We start by considering the
already known Hidden Matching problem introduced by Bar-Yossef et.al [BYJK04]. This
task has been known to have an exponential reduction in quantum transmitted information
resource, compared to the classical analogue. For this communication task, we propose the
coherent state fingerprinting protocol under realistic experimental settings, and show that
the coherent state protocol also demonstrates an exponential reduction in communication
resources compared to the classical analogue. Our simulation result comparing the classical
and coherent state resources shows the reduction in the resource for coherent protocol
compared to the classical from input sizes as low as 2927.
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In the second half, we define a new communication task in one-way communication
complexity model and for the first time, experimentally demonstrate the quantum superiority
in this model. Motivated from the Hidden Matching problem, we define this new problem as
the Sampling Matching problem.

Sampling Matching is a one way communication problem which has been has been
inspired from the works on round-robin differential phase-shift (RRDPS) quantum key dis-
tribution [LGQW17, ZYCM15] where passive-decoy techniques have been used to tolerate
the experimental noise and side channel attacks and also enhance the key generation rate.
For this communication problem, we show an exponential reduction in quantum transmitted
information resources compared to the classical analogue. More importantly, the implemen-
tation of the Sampling Matching protocol with coherent states can be achieved with current
state-of-the-art technology as we show with our experimental demonstration.

Although a problem in one-way complexity, the Hidden Matching problem, has already
been well known, we justify the need to introduce the Sampling Matching communication
problem, because the major advantage with Sampling Matching implementation using
coherent states is that the number of linear optical components to implement this problem is
constant, independent of the input size. This is a huge advantage, in contrary to the Hidden
Matching task, where the number of such components increases with the input size, and thus
it becomes increasingly difficult to implement those circuits in practice.

We further present a proof-of principle implementation of our Sampling Matching prob-
lem for different input sizes that beats the best known classical protocol in terms of the
transmitted information resource. The implementation was done with our in-house set-up
using highly stable (ultra low line-width) continuous laser source, linear optics component,
and high efficiency, low dark count single photon detectors. Our major result is that for the
input sizes as low as 3000, we demonstrate a quantum advantage. Further, if we allow for
post-selection, then we beat the best classical protocol for input sizes as low as 2000.



4.2 Hidden Matching Problem

We start by describing the Hidden Matching problem as defined in [BYJK04], and show how
to translate the qubit protocol to solve the Hidden Matching into the coherent state protocol
framework. We will also describe the linear optics circuit necessary for implementing
this protocol, which will showcase the need for defining our novel problem, the Sampling
Matching, which will drastically reduce the necessary resources for demonstrating quantum
superiority in the model of one-way communication complexity.

Figure 4.1: Hidden matching problem. Alice gets an input x ∈ {0, 1}n while Bob gets
a matching σi uniformly randomly from the setMn ∈ {σ1, ..σn−1}. The objective of the
problem is for Bob to output the correct parity value, b, for any tuple 〈(k, l) ∈ σi, b = xk⊕xl〉.
Only one-way communication, Alice to Bob, is allowed.

In this section we review some known results for Hidden Matching (HM) [BYJK04,
AL14a]. This is a one-way communication complexity task involving two players Alice and
Bob. It is described as follows. For any positive even integer n, Alice receives as input a
string x ∈ {0, 1}n while Bob receives a n/2 tuples matching σi uniformly randomly from
Mn ∈ {σ1, .., σn−1}. HereMn is the set of n−1 perfect disjoint matchings on n nodes. The
objective of the problem is for Bob to output any one of the n/2 possible parity values xk⊕xl
for a pair (k, l) that belongs to the matching σi with minimum communication resources.
Here xk, xl are kth and lth bit of x respectively. We analyse this problem in the randomized
setting where Bob has to output the tuple parity value with high enough success probability.
This problem further imposes the restriction of communication only from Alice to Bob,
otherwise it is easy to see that the task can be done with logarithmic communication, since
Bob can send to Alice the tuple indices k, l of the matching σi she receives.

4.3 Optimal Classical Protocol & Lower Bound

For this problem, the randomized classical lower bound of Ω(
√
n) was shown by Bar-Yossef

et al [BYJK04] and Buhrman et al [BRSDW11]. In high level, Alice’s message should allow
Bob to output the parity of an edge from each one of the possible matchings, in other words



Figure 4.2: An illustration of a perfect disjoint matching set for size n = 4: M4 :
[
σ1 :

{(1, 2), (3, 4)}; σ2 : {(1, 3), (2, 4)}; σ3 : {(1, 4), (2, 3}
]

for O(n) different edges. No matter which edges one picks, they will always contain at
least Ω(

√
n) different bits of the input x, and hence Alice must send at least Ω(

√
n) bits of

information and hence communication. The proof structure for computing lower bound in
[BRSDW11] is as follows: if Alice’s message to Bob is small, let’s say c bit, then the set of
inputs x ∈ {0, 1}n for which Alice sends a particular message m, will be large (typically of
the order of 2n−c). This would mean that Bob will have very little knowledge of most of the
bits of x. Using the KKL inequality [KKL88], this implies that Bob would not be able to
correctly answer the parity xi ⊕ xj for most of the

(
n
2

)
tuples of the form (i, j). Even though

Bob has some relaxation in a sense that he can output the parity outcome of any one of the
n/2 tuples of σi, still it turns out that on average it is hard for him to output the correct parity
outcome. Using this idea, and the KKL inequality, the classical lower bound to succeed with
an error probability perror is,

c >
log2 e

e
(1
2 − perror)

√
n− 1 (4.1)

Bar-Yossef et al. also proved that this bound is tight by describing a randomized one way
protocol using birthday paradox argument to show that onlyO(

√
n) classical bits is sufficient

to implement the problem. The proof structure is as follows: Let us assume that Bob’s
matching setMn is restricted to be one of the n− 1 disjoint matchings. Since Alice has no
information about which matching Bob has received, to maximize the winning condition
she encodes her message to contain the parity information of at least one pair from each
matching with high probability. Suppose she does this by sending c random bits of the input
x or equivalently c(c− 1)/2 tuples to Bob. Each perfect disjoint matching σi that Bob would
receive has n/2 tuples. Thus the matching setMn has in total n(n − 1)/2 distinct tuples.
The probability that none of the tuples that Alice sends to Bob is in the matching σi received



by Bob is,

perror =
(

1− 1
n− 1

)c(c−1)/2
≈ exp(−c2/2n) (4.2)

For perror 6 0.1, the communication c is

c >
√

2 loge 10
√
n (4.3)

This is plotted in the Figure 4.4.

4.4 Quantum Protocol

Using a simple quantum protocol, the above task can be solved by transmitting exponentially
fewer number of qubits. Alice encodes her input x ∈ {0, 1}n into the following superposition:

|x〉 = 1√
n

n∑
k=1

(−1)xk |k〉 , (4.4)

where xk is the k-th bit of the string x. She then sends it to Bob. For any matching σi ∈Mn

that Bob has as input, there exists a measurement by Bob which allows him to give the
correct answer with certainty. To do so, he just measures the quantum state in the basis
{ 1√

2(|k〉 ± |l〉}, ∀(k, l) ∈ σi. The outcome 1√
2(|k〉 + |l〉) occurs iff xk ⊕ xl = 0 whereas

1√
2(|k〉 − |l〉) occurs iff xi ⊕ xj = 1. Thus Bob gets the parity result of one of the tuples

(k, l) ∈ σi with certainty.

4.4.1 Quantum Resource

This protocol uses only log2 n qubits, and hence both the communication and the transmitted
information is exponentially better than the classical counterpart.

4.5 Coherent State Protocol

The physical implementation of the qubit protocol is extremely challenging due to the high
dimensionality of superposition states, thus requiring the preparation of high entangled states
sustainable over the entire run of the protocol. Here, we instead propose an alternative
quantum protocol implementation using coherent states. This is based on the coherent state
mapping proposed by Arrazola et al [AL14b]. Under this scheme, Alice prepares the message
|αx〉, by applying the displacement operator D̂x(α) = exp(αâ†x − α∗âx) to the vacuum state,



Figure 4.3: Figure depicting the circuit implementation of the Hidden Matching problem
using coherent states, for matchings from the set in Figure 5.1. Alice encodes her input
x ∈ {0, 1}4 as a train of four pulses and sends it Bob. Depending on his input matching
σi ∈M4, Bob uses an active switch to send the coherent state in the upper or the lower arm.
The upper and lower arms have switch+delay loop construction with the number denoting the
number of time steps the loop will delay the coherent pulse. The number of active elements
needed to implement the protocol is 4. For a general input size n, the number of active
elements to implement the protocol grows as O(log n).

where âx = ∑n
k=1 xkâk is the annihilation operator of the coherent state mode, and âk is the

photon annihilation operator of the kth time mode. Hence,

|αx〉 = D̂x(α) |0〉 =
n⊗
k=1
|(−1)xk α√

n
〉
k

, (4.5)

where |(−1)xk α√
n
〉
k

is a coherent state with amplitude α√
n

occupying the kth time mode. Here
|αx〉 can be thought of as a train of n time-bin coherent pulses with the total mean photon
number being µ = ∑

k | α√n |
2 = |α|2, which is independent of the input size.

Upon receiving the state |αx〉 from Alice, Bob rearranges the input modes of |αx〉 according
to the tuples (k, l) ∈ σi using a number of active switches and delay lines as shown in
Figure 4.3, interferes all the tuples in σi sequentially in a balanced beam splitter and observes
the clicks in detectors D0 and D1.

4.5.1 Error Analysis under perfect Experiment settings

In the ideal setting the incoming modes in the beam splitter for tuples (k, l) are

|(−1)xk α√
n
〉
k

⊗ |(−1)xl α√
n
〉
l

, (4.6)

the output modes are

|1 + (−1)xk⊕xl√
2

α√
n
〉
D0

⊗ |1− (−1)xk⊕xl√
2

α√
n
〉
D1

, (4.7)



From Eq [4.7] we see that D0 clicks only if xk⊕xl = 0 and D1 clicks otherwise. Now if Bob
gets clicks across multiple time bins, then he randomly chooses one of the click values to
output the tuple 〈(k, l) ∈ σi, b = xk ⊕ xl〉. The only way in which he can output an incorrect
parity value is if he does not observe any click during the entire run of the protocol, which
happens with p0 = exp(−|α|2). Thus his error probability is perror = 1

2p0.

4.5.2 Error Analysis under Experiment Imperfection

The coherent state implementation has three main sources of error. (i) The transmission loss
is characterized by parameter 0 6 η 6 1 which changes the state α to

√
ηα. The probability

of obtaining a click in the detectors reduces by a factor η. (ii) The limited set-up visibility
0 6 ν 6 1, and (iii) the dark count in the detectors characterized by probability pdark. In
the experiments, our α ≈ 1 and while the input size is not huge, pdark (≈ 10−6) becomes
insignificant compared to the click probability pc (≈ 1/n). Thus we do not consider the
effect of dark counts in our analysis. Considering experimental imperfections (η, ν), the
incoming state becomes,

|(−1)xk
√
η

n
α〉

k
⊗ |(−1)xl

√
η

n
α〉

l
(4.8)

and the output state is,

|
((1 + (−1)xk⊕xl)√

2
√
ν + (1− (−1)xk⊕xl)√

2
√

1− ν
)√η

n
α〉

D0

⊗

|
((1− (−1)xk⊕xl)√

2
√
ν + (1 + (−1)xk⊕xl)√

2
√

1− ν
)√η

n
α〉

D1

(4.9)

Eq [4.9] shows us that due to the ν factor, the probability that there is a click in the correct
detector is,

pc = 1− exp(−2ην |α|
2

n
) (4.10)

while the probability that click is in the wrong detector is,

pw = 1− exp(−2η(1− ν) |α|
2

n
) (4.11)

Let us now consider the cases where Bob can output an incorrect parity value outcome.
Case 1: He does not observe any single click over the entire run of the experiment. The
probability of this happening is p¬1 = (1 − p1)n/2, where p1 = pc(1 − pw) + pw(1 − pc).
Bob’s error probability in this case is 1

2p¬1.
Case 2: When Bob observes at least one single click in the time bin modes. He then randomly
chooses any one of those modes to output the parity value. The probability that he outputs
the wrong parity value is p1w = pw(1−pc)

pw(1−pc)+pc(1−pw) .

From the above two cases, Bob’s error probability is,

perror = 1
2p¬1 + (1− p¬1)p1w (4.12)



4.5.3 Coherent State Resource

The resource we are interested here is the transmitted information which for our coherent
state protocol O(|α|2 log2 n), where |α|2 is the average photon number in the coherent state.
Note that our protocol offers an exponential advantage compared to the classical, only for the
information resource. The communication resource for the coherent state protocol is n. This
can be reduced by using the multiplexed scheme as proposed in the Chapter 3.

4.5.4 Comparison with Classical Resource
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Figure 4.4: Log-Log Plot of Transmitted information resource vs. the input size n for
solving Hidden matching within error value perror = 0.1. We compare the optimum classical
protocol, classical lower bound, quantum protocol in ideal setting, and, quantum protocol
under the experimental parameters of Table 4.1. The optimal mean photon number to obtain
an error probability of 0.1 is |α|2ideal ≈ 1.6 whereas |α|2exp ≈ 7.1. The minimum input size
needed for the coherent protocol to beat the classical protocol in ideal setting is n = 17,
while in the experimental quantum protocol needs n = 2926. In the post-selected case when
Bob only outputs the parity outcome when he observes atleast one click in the protocol run,
the coherent protocol performs better than classical analogue for nmin = 1760. To beat the
classical lower bound, the minimum input size for the coherent protocol in the ideal setting is
n = 10189, whereas with the experimental imperfections, n = 394272.

Experimentally demonstrating the Hidden Matching coherent protocol for large input
sizes is extremely challenging due to the large number of linear optical elements in the
quantum circuit. Nevertheless, we performed a simulation of the protocol to compare the
transmitted information resources for the optimal classical protocol vs the coherent state
quantum protocol in the ideal and experimental settings with a desired minimum error value



perror. In Figure 4.4 we plot the resources for perror = 0.1. In the ideal case, the coherent
protocol with mean photon number |α|2ideal ≈ 1.6, outperforms the classical protocol from
input size nmin = 17. In the experimental case with experimental parameters of Table[4.1],
the coherent protocol with mean photon number |α|2exp ≈ 7.1 outperforms the classical
protocol from nmin = 2927. We also analyse the case when Bob only outputs the parity
outcome when he observes at least one click in the protocol run. Under this post-selected
case, the coherent protocol beats the classical analogue from nmin = 1760.

For these small input sizes, pdark � pc, thus confirming that it is insignificant in the
experiment.

4.6 Sampling Matching Problem

The Sampling Matching (SM) is a communication problem based on the Hidden Matching
problem, with the difference that now Bob does not receive a uniformly random matching
σi ∈ Mn as input, but samples it himself. In other words, he can output any matching
σi ∈Mn and the parity xk ⊕ xl, with (k, l) ∈ σi, with the constraint that the distribution of
the matching is uniform inMn : {σ1, ..σn−1} even conditioned on the message m(x) sent
from Alice, or in other words

P(σi|m(x)) = 1
n− 1 , ∀σi ∈Mn (4.13)

This constraint of uniform matching output conditioned on Alice’s message is important
because otherwise Alice and Bob can trivially solve the problem by sharing a public random
coin which determines the matching, and then Alice sends the parity of an edge for that
specific matching to Bob. This would solve the problem with O(1) transmitted information
and thus becomes easy classically. Since this is a communication complexity task, we expect
Alice and Bob to be honest and perform the task according to the constraint. We define this
problem in detail below and show that there is still an exponential gap in classical vs quantum
transmitted information resources.

Figure 4.5: Sampling matching problem. Alice gets an input x ∈ {0, 1}n and sends a message
m(x) to Bob who outputs the tuple 〈(k, l) ∈ σi, b = xk ⊕ xl〉 for a matching σi, whose
distribution is uniform inMn, even conditioned on m(x). The parity should be correct with
high probability for all choices of matching.



4.7 Comparison with Hidden Matching Problem

Classical equivalence of SM and HM problems. It is quite easy to see that the Sampling
Matching, which is effectively a sampling problem where Bob uniformly samples a matching
from a setMn and then uses Alice’s message to find the parity of an edge in the matching,
and HM, where Bob a priori receives a uniformly random matching from the set, are effec-
tively equivalent problems.

• SM→ HM: Imagine there exists a protocol for the Sampling Matching, meaning Alice
sends a message m and Bob can sample uniformly a matching σi from all matchings
and then use m to output a parity of an edge in σi. Then, Bob uses the same protocol
until the output is the matching that he has received as input, in which case he computes
the parity and outputs as in the Sampling Matching protocol. The error in HM is the
same as in SM.

• HM→ SM: Imagine there exists a protocol for Hidden Matching. Then, to solve the
Sampling Matching, Bob first samples a matching uniformly at random, and then Alice
and Bob use the protocol for HM and output accordingly. The error remains the same.

Thus there is an equivalence between these two problems and the communication complexity
bounds that hold in HM, also hold in the SM problem.

4.8 Optimal Classical Protocol & Lower Bound

The classical randomized one-way lower bound for Sampling Matching to succeed with an
error probability perror is the same as the one for the Hidden Matching problem,

c >
log2 e

e
(1
2 − perror)

√
n− 1 (4.14)

This lower bound is tight, as the classical protocol based on the birthday paradox that
succeeds with perror 6 0.1, requires a message size,

c >
√

2 loge 10
√
n (4.15)

Thus the message size is O(
√
n). We plot this communication resource in Figure 4.9.



4.9 Quantum Protocol

The protocol for the Sampling Matching problem is exactly the same as that for the Hidden
Matching problem. Alice encodes her n-bit input x into the superposition state and sends it
to Bob

|x〉 = 1√
n

n∑
i=1

(−1)xi |i〉 . (4.16)

Bob picks uniformly a matching σi ∈ Mn and then measures the state |x〉 in the basis
{ 1√

2(|k〉 ± |l〉}, with (k, l) ∈ σi to output the tuple 〈(k, l), b = xk ⊕ xl〉 with certainty.

4.9.1 Quantum Resource

This protocol uses only log2 n qubits, and hence both the communication and the transmitted
information is exponentially better than the classical counterpart.

4.10 Coherent State Protocol

The primary reason to introduce the Sampling Matching problem is that for the coherent
scheme implementation, this implementation of the protocol is highly simplified compared
to the Hidden Matching problem. The number of active+passive elements for Bob to
implement the Sampling Matching problem is O(1). Thus this problem can be implemented
for arbitrarily large input sizes. In contrast, for the Hidden Matching problem, the circuit size
scales with the input size n, thus making it increasingly difficult to implement the circuit for
large input sizes. We analyse the performance of this protocol in the ideal and experimental
settings.

4.10.1 State Preparation

Alice prepares the quantum message as a sequence of n-time bin coherent pulses. She phase
modulates (PM) the pulses according to her input x ∈ {0, 1}n and an additional constant
factor of φ ∈ {0, 1} chosen uniformly randomly,

|αx〉 =
n⊗
i=1
|(−1)xi⊕φ α√

n
〉
i

(4.17)

where |α|2 is the mean photon number for that state |αx〉 chosen independently of the input
length n. As shown in Figure 4.6 Bob introduces his local-reference n time-bin coherent
pulses |βx〉 = ⊗n

i=1 | α√n〉i, and interacts them one-by-one with the corresponding pulses from
Alice. However, it is important to see that when Alice sends the state Eq.(4.17), then Bob
satisfies the constraint Eq.(4.13).



Figure 4.6: Sampling matching circuit illustration using coherent states for any input size
n. Alice’s quantum message in form of sequence of time-bin phase encoded pulses (|αx〉)
are shown in the upper arm. The information encoding of the input x ∈ {0, 1}n is done
sequentially on the pulses through the phase modulator (PM). The lower arm is used by Bob
to produces a sequence of n-time bin local reference pulse (|β〉) with same average photon
number as the Alice’s states. The pulses are then interfered into the 50:50 beam splitter and
the parity information is inferred from the detector clicks in D0 and D1. The red dot in the
1st and 3rd time sequence means that the Bob observes a single click at D1 and D0 detectors
respectively for these time steps and thus he outputs x1 ⊕ x3 = 1. If he obtains single clicks
in more than two time steps, then he randomly chooses any two time steps to output the parity
outcome.

4.10.2 Bob’s Uniform Outcome Constraint

Theorem 5. For the state |αx〉 = ⊗n
i=1 |(−1)xi⊕φ α√

n
〉
i

sent by Alice, with the amplitude of

state in each mode i ∈ [n] being the same, i.e. |αi|2 = |α|2
n

, the probability that Bob outputs
the parity value across the matching relationsMn ∈ {σ1, .., σn−1}, is uniformly random. In
other words,

P(σi| |αx〉) = 1
n− 1 , ∀i ∈ [n] (4.18)

Proof. Each matching relation σi ∈ Mn contains n/2 distinct tuples. And since there are
n− 1 different matching relations in the set, the total number of distinct tuples for input size
n is n(n−1)

2 . Let us denote P(σ) as the probability that Bob outputs the parity value from the
matching relation σ,

P(σ) =
∑n/2
tuple=1 ptuple∑
#tuples ptuple

(4.19)

where ptuple is the probability of obtaining the particular tuple, and #tuples is the total
number of tuples.



For each tuple (j, k), the probability of obtaining the parity outcome is equal to the
probability of simultaneously having a single click in time modes j and k. Now, if Alice
sends the state with same amplitude across all the n modes, then the probability of obtaining
a single-click is the same across all modes. If we denote p1,j as the single-click probability in
jth mode,

p1,j = p = 1− exp(− 2
n

), (4.20)

Thus ptuple = p2, for each of the n(n−1)
2 tuples. This reduces the Eq.(4.19) to P(σ) = 1

n−1 ,
thus completing the proof.

4.10.3 Error Analysis under perfect Experiment settings

In the perfect experimental settings, the incoming states in the Bob’s beam splitter (BS) at
the kth time step are,

|(−1)xk⊕φ α√
n
〉
i

⊗ | α√
n
〉
k

, (4.21)

and the output states are,

|(1 + (−1)xk⊕φ)√
2

α√
n
〉
D0

⊗ |(1− (−1)xk⊕φ)√
2

α√
n
〉
D1

(4.22)

Therefore at each time step, the output state is either a vacuum state or a weak coherent state
with mean photon number 2|α|2

n
. In the ideal scenario, D0 would click only if xk ⊕ φ = 0

while D1 clicks only if xk ⊕ φ = 1. Now suppose Bob gets the clicks at kth and lth time step
in detectors D0 and D1 respectively. This implies xk ⊕ φ = 0 while xl ⊕ φ = 1. Combining
them results in xk ⊕ xl = 1 since the 2φ ≡ 0 (mod 2). Bob, thus successfully outputs the
tuple 〈(k, l) ∈ σi, b = xk ⊕ xl〉 for the matching (k, l) ∈ σi. This protocol only lets Bob
gather the parity information of the bits and not the bit values xk, xl because of the hiding
factor φ.

Let us analyse the cases where Bob could make an error to infer the correct parity values
of any matching.
Case 1: When Bob does not observe any single click over the entire run of the experiment.The
probability of this happening is p¬1 = exp(−2|α|2). Bob’s error probability in this case is
1
2p¬1.
Case 2: When Bob observes exactly one single click over the entire run of the experiment.
Since the parity of a tuple is inferred from the clicks at two distinct time steps, thus in this
case, Bob does not infer any parity outcome with certainty. The probability of exactly one
single click happening is

p1 =
(
n

1

)
pc(1− pc)n−1 (4.23)



where pc = 1− exp(−2 |α|
2

n
) is the probability of getting a click in one time step. Bob’s error

probability in this event would be 1
2p1.

Combining the two cases, Bob’s error probability is

perror = 1
2(p¬1 + p1) (4.24)

4.10.4 Error Analysis under Experiment Imperfection

We consider the same imperfection model as in the Hidden Matching. In presence of
imperfections, the incoming state in Bob’s BS at the kth time step is

|(−1)xk⊕φ
√
η

n
α〉

k
⊗ |
√
η

n
α〉

k
(4.25)

and the output state is

|
((1 + (−1)xk⊕φ)√

2
√
ν + (1− (−1)xk⊕φ)√

2
√

1− ν
)√η

n
α〉

D0,k

⊗

|
((1− (−1)xk⊕φ)√

2
√
ν + (1 + (−1)xk⊕φ)√

2
√

1− ν
)√η

n
α〉

D1,k

(4.26)

The marked contrast from the ideal setting is that whereas in the ideal case, there is a non-zero
click probability only in the correct detector for any time step, in presence of experimental
imperfections, due to the finite visibility factor, there is a non-zero click probability in both
the correct and incorrect detectors in the same time step. From Eq.(4.26), it is obvious that
larger the visibility ν, the bigger the chances of the photons going in the correct detector.
Across each time step, the probability of a click in the correct detector is,

pc = 1− exp(−2ην |α|
2

n
) (4.27)

while the probability that a click occurs in the wrong detector is,

pw = 1− exp(−2η(1− ν) |α|
2

n
) (4.28)

Now we look at the cases where Bob can output the incorrect parity outcome:
Case 1: When Bob does not observe any two single-click time modes in the experiment. The
probability P(no two single-clicks) = P(no single-clicks) + P(exactly one single-click).

p¬11 = (1− p1)n +
(
n

1

)
p1(1− p1)n−1 (4.29)

where p1 = pc(1− pw) + pw(1− pc) is the probability of observing a single click in one time
mode. Bob’s error probability in this case is 1

2p¬11.



Case 2: When Bob observes at least two single-click time modes. He then randomly chooses
any two of those single-click modes (k, l) to output the parity for matching (k, l) ∈ σi. The
probability that he outputs the wrong parity value is:

p11w = 2pc(1− pw)pw(1− pc)
[pc(1− pw) + pw(1− pc)]2

(4.30)

Combining these 2 cases, Bob’s total error probability is

perror = 1
2p¬11 + (1− p¬11)p11w (4.31)

4.11 Coherent State Resource

The transmitted information of the protocol is O(|α|2 log2 n), where |α|2 is independent of
the input size n. The optimal |α|2 value for each n is obtained by setting error probability
the perror = 0.1 in Eq.(4.31). Better experimental equipments result in lower imperfection
values and thus a lower |α|2 value to reach the desired perror.

4.12 Experimental Analysis of Coherent State Protocol

We demonstrate the proof-of principle short distance implementation of Sampling matching
problem using the home made set-up as shown in Figure 4.7. Our set-up involves the coherent
pulse generation with a single laser which is split using the 50/50 beam splitter into pulses
for Alice and Bob. Below we describe the experimental methods, followed by the analysis of
our experimental data.

4.12.1 Experimental Methods

Our set-up is divided into Front loop and Phase correction loop.

Front loop: The the coherent state for Alice and Bob is produced by the ultra low line-
width (∼10kHz) continuous wave laser source, Laser1 (Pure Photonics ∼ 1563nm). This
is then chopped into time-bin coherent pulses by the amplitude modulator (AM) that is
modulated using a function generator to create pulses with the repetition rate of 1MHz
and duty cycle of 1.6%.The variable optical attenuator (VOA) is then used to bring the
mean photon number in the pulses to the desired level. The circulator (C) after the VOA is



Figure 4.7: Experimental set-up for Sampling Matching circuit implementation. The set-up
has Front loop, operated by continuous wave laser source, Laser1, at λ = 1563nm, while
the Phase correction loop is operated by the laser source, Laser2, at λ = 1527nm. In the
Front loop, the amplitude modulator AM creates coherent pulses, which are brought to the
desired mean photon level using the variable optical attenuator (VOA). The circulator (C),
ensures that no power of the pulses from Laser2, reaches Laser1, thus preventing the Laser1
from any harm. One output arm of the 50/50 beam splitter (BS1) is given to power meter to
monitor the power, and hence the average photons in the pulse. BS2 splits the two paths, the
upper path for Alice and lower path for Bob. We introduce a delay line (DL) in the paths,
to perfectly fine tune the path lengths. This ensures that Alice and Bob’s pulses arrive at
BS3 simultaneously. Alice modulates her pulses sequentially according to the input string
x ∈ {0, 1}n she receives. Similarly Bob modulates her pulses with the string 0n. We use
the data acquisition card (DAQ) to provide the voltage corresponding to the strings to PMs.
After interaction of the pulses in BS3, the path leading to single photon detector D0, has a
circulator (C) which directs the Laser1 pulses into the detector. An optical filter (OF) only
lets pulses from Laser1 to pass through and blocks the Laser2 pulses. We use the Phase
correction loop to monitor and correct the phase drift over time in Alice’s and Bob’s paths.
The pulses from Laser2 enter the set-up from an arm of C, passes through BS3 to split into
Alice and Bob’s paths, and interfere in BS2. We monitor the phase drift in photo diode (PS)
connected to the output arm of BS2.

introduced to ensure that the laser power is transmitted only in the forward direction and
pulses coming from the Laser2 are blocked, thus ensuring no harm to Laser 1. We use the
balanced 50/50 beam splitter(BS1) to monitor the power of the pulses. The second 50/50
BS2 splits the two paths, the upper path corresponding to Alice, and the lower corresponding
to Bob. We introduce a delay line (DL) to perfectly fine tune the path lengths of Alice and
Bob. This ensures that the pulses from Alice and Bob arrive simultaneously in the 50/50
BS3. In our setting, Bob’s path is longer than Alice’s path by 17.1mm (fiber length). We
compensate this path difference with the DL. Alice phase modulates (PM) her coherent pulses
sequentially according to the input string x ∈ {0, 1}n she receives. Since the input is binary
string, we provide to the PM a voltage V0 when the input bit is 0 and Vπ when the input bit is



1. This voltage is provided using the data acquisition card (DAQ) in our set-up. Similary for
Bob, we provide the voltage V0 to all the n pulses. The pulses from Alice and Bob interact
sequentially in BS3. Normally, all the pulses should interact according to Eq.(4.26), but in
reality there is a phase drift over time in the two paths. To make sure we cancel the effect of
phase drift, we introduce the phase correction loop to monitor and correct the phase drift in
the pulses.

The path leading to the single photon detector (D0) has the circulator C, which allows
the transmission only in anticlockwise direction. The length of the circulator is ∼ 2m. We
introduce a fiber length of 2m in the lower path to maintain the same arrival times for the
pulses in the detectors D0 and D1. We introduce the optical filter (OF) just before the
detection, to allow only the pulses from the Laser1 (λ = 1563nm) to pass through and
block any contribution from Laser2 in the photon counts. Finally for the detection, we
use the two high efficiency, ultra low dark count free running ID230 (manufactured by ID
Quantique) detectors. The clicks are recorded upto a precision of 1ps in the TimeTag analyser
(manufactured by QuTools).

Phase correction Loop: We introduce the second continuous wave laser source, Laser2
(Pure photonics ∼ 1527nm) to monitor the phase drift in Alice and Bob’s paths. The laser
source is modulated with the AM to produce laser pulses at 1MHz repetition rate and duty
cycle of 1.6%. The pulses then enter set-up via one arm of C. They are split into Alice’s
and Bob’s paths via the BS3. Upon interacting in BS2, the output of the phase correction
pulses are then collected in the photo-diode PD which gives the information of the phase
drift in the two paths. The phase drift is then analysed and corrected using the following
technique. Before describing the technique, we note that the phase drift is not corrected for
each and every pulse. This is because our experiment runs at a high speed of 1Mhz and, it is
realistically not feasible to for the computer to process the phase information and correct it
for each and every pulse. Second, the phase drift is slow due the high stability of the laser
and the set-up, hence it is not required to correct this drift for each pulse. We rather correct
an average phase drift over a number of pulses. We make blocks of pulses and track the
average the phase drift in one block to use it to correct the drift for the next block. This block
construction is illustrated in Figure 4.8. We choose a block size of 8192 pulses. The first
7680 pulses are used for protocol run. The second segment of block Alicetrack, tracks the
phase drift in the path corresponding to Alice’s PM. This is done by giving a ramp voltage
in Alice’s PM from -5V to +5V, and 0V in Bob’s PM across 256 pulses. The response of
the linear ramp voltage across a phase modulator is a cosine function A cos(ωt+ φ) which
is tracked in the PD. While modelling the expected response with the actual response, we
get the information of phase and phase drift upto a certain error. Let Vbias be the voltage
corresponding to the phase drift, then the voltage across Alice’s PM for the next block gets
added by factor Vbias i.e. VPM = Vxi + Vbias. We similarly track and correct the phase drift
in Bob’s PM over the last 256 pulses of the block, Bobtrack.



Figure 4.8: Block illustration for analysing the phase drift in pulses. Phase tracking is done
once for every block of 8192 pulses. The first 7680 pulses are used for protocol encoding.
The second part of the block Alicetrack, tracks the phase drift in Alice’s PM. For this we give
a ramp voltage from -5V to +5V in Alice’s PM and 0V in Bob’s PM. The third part of the
block Bobtrack, tracks Bob’s PM by giving a ramp voltage from -5V to +5V in Bob’s PM and
0V to Alice’s PM.

4.12.2 Experimental Results

We perform our proof-of-principle short distance implementation of Sampling Matching
problem over the standard telecom wavelength λ = 1563nm at 1Mhz. The overall channel

Figure 4.9: Log-log plot of Transmitted information resource vs. the Input size (n) for
solving the Sampling matching problem within error perror = 0.1. Plot A compares the
optimal classical protocol, classical lower bound, quantum protocol in ideal setting, quantum
protocol with the experimental parameters of Table 4.1, and the quantum protocol when Bob
post processes to output the parity outcome only in cases when he obtains atleast two single
clicks in the run. Plot B is the magnified version of the green section in Plot A where we show
the input sizes for which we beat the best classical protocol in normal and post processing
scenarios. The dotted blue/red line is the simulated transmitted information resource vs
n in normal and post-processing scenario respectively. The points with error bars are the
experimentally obtained points for the selected input sizes. The optimal mean photon number
are shown in Table 4.2



Table 4.1: Experimental parameters
ηchannel ηdet ν pdark
3.5dB 25% (98.8± 0.3)% (2.3± 0.2) ∗ 10−6

n 1000 1500 2000 2500 3000 3500 4000

ε 0.1 0.1 0.1 0.1 0.1 0.1 0.1
µ/pulse (∗10−3) 7.08± 0.01 4.72± 0.01 3.54± 0.01 2.83± 0.01 2.36± 0.01 2.02± 0.01 1.77± 0.01

#Runs 848 568 475 381 317 272 238
#Runsno click 115 68 62 45 38 31 28
#Runswrong

click 26 26 20 17 16 7 11
εPOST 0.03 0.04 0.04 0.04 0.05 0.03 0.05

µPOST /pulse (∗10−3) 6.12± 0.01 4.15± 0.01 3.08± 0.01 2.50± 0.01 2.08± 0.01 1.79± 0.01 1.56± 0.01

Table 4.2: Detailed experimental analysis: We carried out Sampling matching scheme for
seven different input sizes 1000 − 4000. The objective was to output the matching parity
outcome with an error rate of at-most ε = 0.1. To obtain the statistics, we run the scheme
#Runs times for each input size. Out of the runs, #Runsno clicks, are the copies where we do
not obtain atleast two single clicks. Based on this, we compute the average photon number
µPOST in our the scheme when Bob only post-selects to output the parity outcome of those
runs where he gets atleast two single clicks. Finally, #Runswrong

click are the number of copies
where Bob obtains atleast two single clicks and he outputs the wrong parity outcome. This
determines the error rate (εPOST ) after post processing.

loss in the channel i.e. the loss before Alice and Bob apply their phase modulator (PM) to
the input of detectors D0 and D1 is 3.5dB. This parameter is shown in Table[4.1]. Further
our detectors operate at 25% efficiency. The combined effect of channel loss and limited
detector efficiency results in transmission of higher mean photon number µ in the pulses, as
compared to the scenario when the set-up had no experimental imperfections, to achieve the
desired error rate ε.

The limited visibility (ν) in the set-up accounts for the imperfection in the interference of
Alice and Bob’s pulses. We introduced the delay line (DL) to get as close as possible to the
ideal visibility factor of 1. This adjustment was done by first sending an input of 0n to both
Alice and Bob and recording the clicks obtained in two detectors and then sending 0n and 1n
to Alice and Bob respectively and observing the clicks.

We further inspected the dark counts to make sure it is safe to neglect them in our analysis
and indeed we observed that the signal click probability is substantially (103×) more probable
than the dark count probability. Our detectors at set at the dead time of 10µs. This means
that after the detector records a click, there is no recording of the clicks for the next 10 pulses.
This is not an issue for us, as, for the input size of > 1000 that we run the protocol for, the
probability of a click across 10 pulses� probability of the click across rest of the pulses in
the input. The reason for this is the extremely low photon number across the pulses, and thus
it can be safely neglected compared to other sources of error.



With the experimental imperfection values obtained in the testing phase, we estimate the
optimal average photon number µ required for each input size, n, that achieves the desired
error rate ε. We provide the optimal µ in our set-up for each of the n we tested. This is
illustrated in Table 4.2. Figure 4.9 plots the simulated and observed experimental transmitted
information points for these input sizes. We see that the input sizes 3000 − 4000 transmit
less information resource compared to the best classical protocol, even under the error bars.

Further, we also looked at the average case when Bob runs the protocol for Sampling
Matching multiple times (#Runs) and post selects to output only for those runs where he
gets a parity outcome. Without the post-selection, every time Bob would not obtain the parity
outcome, he would output a random parity with error rate 1

2 . However, with post selection,
since he rejects those no-parity outcome cases, this enables him to succeed with a lower
error rate εPOST . This can also be interpreted as performing the protocol with lower average
photon number, since we are rejecting the runs with no outcome.

µPOST = µ
(#Runs−#Runsno clicks)

#Runs
(4.32)

In Figure 4.9, we also plot the transmitted information points under the post-selected scenario.
We observe that the quantum protocol performs the sampling matching task with lower
resources than the classical counterpart from the chosen input sizes 2000 and beyond.

4.13 Conclusion

The Sampling Matching is first such example of a one way communication complexity
problem where we can experimentally demonstrate the quantum advantage using coherent
state fingerprints. A noteworthy feature of our implementation is the separation of the paths
for Alice and Bob, and perfect fine tuning of their path lengths such that Alice’s input pulses
and Bob’s local pulses arrive at Bob’s beam splitter at the same time. We also have a proposal
to go from proof-of-principle implementation to the full scale implementation by separating
the laser sources of Alice and Bob. A typical issue in going to full-scale implementation
involves maintaining the stable phase across the two paths. The phase fluctuation would
be accounted due to the drift of the laser pulses traversing over the optical channel and the
internal jitter in the lasers. In our experiment, we address the first source of fluctuation by
introducing a Phase correction loop. The second source of fluctuation can be addressed by
having two highly stable lasers (low line width ∼ kHz) such that any differnce in phase drift
between them is much slower than the duration of expeirment run [CLF+16].

The Sampling Matching problem, similar to Euclidean distance communication problem,
does not need Alice to have a memory to store her input as Bob does not perform a global
operation on input. In other words, this protocol works also in the streaming scenario, where
Alice receives her input one bit at a time [NAS99].

Finally, Sampling Matching problem also has applications in cryptographic as well as



computational settings. In the cryptographic front, this problem is the back-bone of quantum
retrieval games (QRG) and quantum money scheme that we will talk about in the next chapter.
This problem also finds applications in verification of NP-complete problems where the
quantum verifier can verify a partial quantum proof in polynomial time, whereas to verify
the same amount of classical proof, the classical prover needs exponential time steps.





5 Private-key Quantum Money

5.1 Introduction

In the 1970s, Wiesner [Wie83] proposed the idea of quantum money to create unforgeable
bank notes which are quantum states. The unforgeability of the note relied on the no-cloning
property of quantum mechanics [WZ82]. This was incidentally also the first quantum
cryptographic primitive to be introduced. Subsequently other cryptographic tasks were
proposed, such as quantum key distribution, digital signatures, coin flipping etc. [SBPC+09,
DCK+16, PJL+14].

In the Wiesner scheme, the bank notes are several BB84 states prepared by an honest
authority, Bank, who then distributes them to the untrusted parties. The party in possession
of this note has to send the quantum note to the Bank for verification, who then authenticates
the validity of the note. This scheme, as studied by [Lut10, BNSU14], soon ran into problems.
The first issue was (a) verification of the note required quantum communication with the Bank.
As pointed out by Gavinsky [Gav12], an adversary can interfere in the communication and can
modify or destroy the note, and, (b) several new attacks to this scheme, the adaptive attacks
[BNSU14], have shown that for an adversary using these attacks, the forging probability of
the adversary no longer remains vanishingly small.

These two drawbacks were first addressed by Gavinsky [Gav12]. His private-key quantum
money scheme was based on the idea of quantum retrieval games (QRG). The verification of
the note in this scheme requires three rounds of classical communication between the Bank
and the note holder and it is also secure against any adaptive attack. This scheme however
only works in ideal scenario and does not take into account the noise due to experimental
imperfections. Also, this scheme requires three rounds of communication between the
Bank and holder, thus necessitating the Bank to have a temporary memory during the note
verification phase. Several other quantum money schemes have been proposed since then
[PYJ+12, AC12, FGH+12, Gav12, GK15, MP16, AA17].
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Further independent works by Georgiou et al [GK15] and Amiri et al [AA17] have
reduced the number of rounds of classical communication between the Bank and the holder
to a single round. While the scheme of [GK15] is based on 1-out-of-2 QRG, and can
tolerate the noise of upto 12.5%, the scheme of [AA17] is based on the Hidden Matching
quantum retrieval games, HM-QRG, [GKK+07, AKL16], and they show that it exhibits
noise tolerance of up to 23.3%. They further conjecture that maximal noise tolerance for
money schemes based on Matching QRGs can reach up to 25%. Here, the maximal noise
tolerance is the maximum theoretical error that can be tolerated by an honest note holder
during the verification of the note. The note has an information theoretic security against a
forger trying to forge the bank note.

Till date, there have been two proof-of-principle experimental demonstrations for quantum
money, based on one round classical verification with the Bank, the first by Bozzio et al
[BOV+18] which is based on the scheme of [GK15]. Here the quantum money encoding is
done via polarized weak coherent states and they demonstrate the error rate β = 2.8%. The
other demonstration is by Guan et al [GAA+18] which is based on the scheme of [AA17]
has an encoding based on phase parity of corresponding pairs of weak coherent states. They
did an implementation for input string size n = 4, which theoretically has the maximal noise
tolerance of 16.6%, while their measured error rate was β = 3%.

In this work, we introduce the private-key quantum money scheme using many copies of
single photon states in superposition over multiple modes, and the verification protocol based
on the Sampling Matching quantum scheme. Our money scheme achieves a noise tolerance
of 21.4%, and can reach up to 25% if the conjecture of [AA17] on the noise tolerance of
Matching scheme holds true. The features of our scheme include single round classical
interaction with the Bank, multiple note re-usability (linear in the size of the note), and
robustness even against adaptive kind of attacks by the adversary. Building on this work,
we propose the private-key quantum money scheme using coherent states. The verification
protocol involving coherent states offers a significant advantage compared to the previous
Hidden Matching based verification protocols. In the protocols based on Matching schemes,
the tolerance against the noise, increases with the input size of the note. Thus the money
scheme becomes more robust against forging by going to higher input sized bank notes. For
the schemes based on Hidden Matching, the verification protocol involves a complex circuit
with the number of optical elements (switches, delays, beam splitter) increasing with the
input size. Thus it gets increasingly difficult to implement the circuit for large input sizes.
This is the primary reason why the only implementation based on Hidden Matching has
been shown for input size n = 4. With the Sampling Matching based verification procedure,
the number of optical components needed for verification is O(1), and thus independent of
the input size. This enables us to go to arbitrarily large input sizes, thus reaching higher
robustness than what was previously experimentally feasible.

We start by giving the definitions for private-key quantum money. Then we identify the
tools required to construct our money scheme. We follow this up by introducing our money
scheme using single photon encoding and later using coherent states.



5.2 Definitions for Private-key Quantum Money

In this section, we go through the definitions for private-key quantum money. We also define
a private-key quantum money mini-scheme and then use the result of Aaronson et al [AC12]
to directly go from a mini-scheme to a full scheme.

Informally, a private-key quantum money scheme involves an algorithm used by a trusted
entity, the Bank to produce multiple notes, and a protocol which is run between a holder H of
the note and the Bank to verify the authenticity the note. The requirement for the verification
protocol to be secure is that it must be impossible for an adversary note holder to create more
notes that what it received from the Bank.

Definition 1 (Private-key quantum money). A quantum money scheme with classical verifi-
cation consists of an algorithm by the Bank, and a verification protocol, Verification, such
that,

1. Bank algorithm produces a quantum note $ = (ρ, s.n.) where ρ is a quantum state of
the note and s.n. is the classical serial number of the note.

2. Verification is a verification protocol with classical communication that is run on the
note $, between the note holder H who claims to posses the note $ and the Bank. The
output of the protocol is a bit b sent by the Bank to denote whether the note is valid or
not. We denote this final bit as VerBH($).

For this scheme to be secure, it must satisfy two important properties,

• Correctness: The scheme is ε correct if for every honest holder H, it holds that

P[VerBH($) = 1] > 1− ε (5.1)

• Unforgeability: The scheme is ε unforgeable if for any quantum adversary who
possesses m notes, has interacted a finitely bounded number of times with the Bank
and has managed to produce m′ notes $1, $2, · · · , $m′ , it holds that,

P
[( ∧

i∈[m′]
VerBH($i) = 1

)
∧ (m′ > m)

]
6 ε (5.2)

where H is any honest note holder.

The correctness condition ensures that all the honest note holders can get their note
verified with an exponentially close to 1 probability (by setting ε exponentially close to 0).
While the unforgeability condition ensures that an adversary trying to create more notes than
what he had from the Bank, would fail with an exponentially close to 1 probability in being



able to verify all the notes. Our definition includes possibility of adaptive attacks by the
adversary since we allow him to interact with the Bank during the verification protocol a
finite number of times.

Aaronson et al [AC12] studied the security of the full scheme and deduced that it is
enough to prove the security of a smaller money scheme (mini-scheme) in order to guarantee
security of the full scheme. Under this mini-scheme the Bank produces one quantum note
$. The goal of the note adversary is, after finite interactions with the Bank, to produce two
quantum notes $1 and $2 which successfully passes the verification test of the Bank. In
this scheme, since the Bank produces only a single note $, hence it does not need to have a
classical serial number.

Definition 2 (Private-key quantum money mini-scheme). A quantum money min-scheme
with classical verification consists of an algorithm by the Bank, and a verification protocol,
Verification, such that,

1. Bank algorithm produces a quantum note $ = ρ where ρ is a quantum state of the note.

2. Verification is a verification protocol with classical communication that is run on the
note $, between the note holder H who claims to posses the note $ and the Bank. The
output of the protocol is a bit b sent by the Bank to denote whether the note is valid or
not. We denote this final bit as VerBH($).

For this scheme to be secure, it must satisfy two important properties,

• Correctness: The scheme is ε correct if for every honest holder H, it holds that

P[VerBH($) = 1] > 1− ε (5.3)

• Unforgeability: The scheme is ε unforgeable if for any quantum adversary who
possesses the note $, has interacted a finitely bounded number of times with the Bank
and has managed to produce two notes $1 and $2, it holds that,

P
[(

VerBH($1) = 1 ∧ VerBH($1) = 1
)]

6 ε (5.4)

where H is any honest note holder.

To go from a private-key quantum money mini-scheme to a full scheme, it is enough for
the Bank to add a serial number to a note of the mini-scheme. Then the Bank can just run the
verification protocol of the mini-scheme for that note with the serial number.

We therefore propose a quantum money mini-scheme and rely on the above results to
extend this mini-scheme into full scheme.



5.3 Tools for the Money Scheme

In this section we define an essential tool required for the construction of our scheme, the
verification protocol based on the Sampling Matching problem. We first define this problem,
a problem in one-way communication model, as we have seen in Section 4.6. Then we
construct the verification protocol based on this problem.

5.3.1 Sampling Matching Problem

We have already introduced the Sampling Matching (SM) problem in Section 4.6. Here, we
use a variant of our SM problem that involves two parties, Alice and Bob. Alice receives a
binary string x ∈ {0, 1}n. Bob, on the other hand, does not receive any input.

The objective of this problem is the following: Bob, after receiving a message m(x)
from Alice, needs to output a tuple (k, l) from the set containing a total of Tn = n(n− 1)/2
distinct tuples of the form (k, l) and the corresponding bit value b = xk ⊕ xl, where xk and
xl are the k-th and l-th bit of the string x respectively. An example of the tuple set T4 for
n = 4 is shown in Figure 5.1. We look at the model of one-way communication where we
only allow a single message from Alice to Bob.

Figure 5.1: An example of all possible distinct tuples for the size n = 4: T4 :[
(1, 2), (3, 4), (1, 3), (2, 4), (1, 4), (2, 3)

]
For our quantum money proposal, we study the case when Alice is untrusted and Bob is

trusted and honest. If Alice is honest, then conditioned on the message sent by her, Bob’s
relative probability of sampling the tuple (k, l) from the set Tn must be uniformly random.
In other words,

P((k, l)|m(x)) = 1
n(n− 1)/2 , ∀(k, l) ∈ Tn (5.5)

However, a dishonest Alice can force Bob to sample one tuple more than the other. This
constitutes a test to distinguish an honest Alice from a dishonest one. Bob certifies the honesty



of Alice by asking for multiple copies of the message and comparing the measurement result
statistics with what she should expect from an honest Alice.

We will see how Bob samples a tuple from the set Tn when Alice sends a quantum
message to Bob. We analyse Bob’s scheme when the message sent by Alice is a single photon
state in a superposition over n modes.

5.3.2 SM Scheme with Single Photon States

Sampling Matching scheme is Bob’s testing scheme to extract the parity outcome of a tuple
from the perfect disjoint set Tn containing n(n− 1)/2 distinct tuples to solve the Sampling
Matching problem. Here we look at the testing scheme when Alice sends a single photon
state to Bob.

The technique is depicted as follows: When an honest Alice receives the binary string
x ∈ {0, 1}n, she encodes the information of this string into a single photon state in a
superposition over n different modes,

|x〉 = 1√
n

n∑
k=1

(−1)xk â†k |0〉 , (5.6)

where xk is the k-th bit of the string x. The operator â†k is the creation operator for the
kth mode, and, â†k |0〉 = |1〉k. Figure 5.2 illustrates one of the methods to create of equal
superposition state of Eq.(5.6) by passing the initial state â† |0〉 through the cascade of 50/50
beam splitters and adding the phase information of each bit of the input in the n modes.

Alice sends this state to Bob. In order to output the parity outcome of a tuple, Bob
prepares his local superposition state

|β〉 = 1√
n

n∑
k=1

b̂†k |0〉 , (5.7)

We denote the action of creation operator b̂†k |0〉 = |1′〉k.

Bob’s action is then to apply the n-beam splitter operation on the state |x〉 ⊗ |β〉. This is
illustrated in Figure 5.3.

Prior to the n-beam splitter operation, the input of Bob is,

1√
n

n∑
k=1

(−1)xk â†k |0〉 ⊗
1√
n

n∑
l=1

b̂†l |0〉 (5.8)



Figure 5.2: Circuit model by Alice to create a single photon state in equal superposition over
n modes. This is done by passing a single photon through a cascade of beam splitters, which
are then subject to a phase-shift that depends on the corresponding secret string x ∈ {0, 1}n
of Alice.

The output mode Ô† of Bob after interacting with the corresponding modes of Alice is,

Ô† = 1
2n

n∑
k=1

(−1)xk(ĉ†k + d̂†k)
n∑
l=1

(ĉ†l − d̂
†
l ),

= 1
2n

n∑
k,l=1

(−1)xk(ĉ†k ĉ
†
l + d̂†k ĉ

†
l − ĉ

†
kd̂
†
l − ĉ

†
kd̂
†
l ),

= 1
2n

n∑
k=1

(−1)xk(ĉ†2k − d̂
†2
k ) +

1
2n

∑
(k,l)∈Tn

((−1)xk + (−1)xl)(ĉ†k ĉ
†
l − d̂

†
kd̂
†
l ) +

1
2n

∑
(k,l)∈Tn

((−1)xk − (−1)xl)(ĉ†kd̂
†
l − d̂

†
k ĉ
†
l )

(5.9)

where Tn is the set of all possible n(n−1)
2 distinct tuples.

From Eq.(5.9), we observe the following,



Figure 5.3: Sampling Matching circuit model in single photon encoding. Alice encodes a
secret string x ∈ {0, 1}n in the single photon state |x〉 in an equal superposition over nmodes.
This is then sent to Bob. Bob creates his local superposition state and applies mode-by-mode
beam splitter operation with Alice’s state.

• Simultaneous single photon clicks observed in {ĉ†k, ĉ
†
l} or {d̂†k, d̂

†
l}, for two distinct

modes (k, l), implies xk ⊕ xl = 0.

• Simultaneous single photon clicks observed in {ĉ†k, d̂
†
l} or {d̂†k, ĉ

†
l}, for two distinct

modes (k, l), implies xk ⊕ xl = 1.

• 2 photons observed in the same mode ĉ†k or d̂†k results in inconclusive outcome for Bob.

The probability of observing 2 photons in the same mode ĉk is

pĉk2 = | 〈00| ĉ2
k · Ô

†
j |00〉 |2 = 1

2n2 (5.10)

Similarly, the probability of having 2 photons in the same mode d̂k is,

pd̂k2 = | 〈00| d̂2
k · Ô

†
j |00〉 |2 = 1

2n2 (5.11)

Over all the n modes, the probability of having 2 photons in the same mode is

p2 =
n∑
k=1

pĉk2 + pd̂k2 = 1
n

(5.12)



In these cases, Bob does not get a conclusive parity outcome. Here he outputs the parity
outcome d = ∅.

In the rest of the case, Bob always gets exactly two single photon clicks in two different
time modes k, l ∈ [n] with the correct parity outcome d = xk ⊕ xl. The probability that he
outputs a tuple (k, l) ∈ Tn with the correct parity outcome is,

pkl = | 〈00| T̂kl ·O† |00〉 |2 = 2
n2 (5.13)

where T̂ †kl = 1
2
√

2

(
((−1)xk + (−1)xl)(ĉ†kĉ

†
l − d̂

†
kd̂
†
l ) + ((−1)xk − (−1)xl)(ĉ†kd̂

†
l − d̂

†
kĉ
†
l )
)

is

the operator corresponding to the correct parity outcome for the tuple (k, l).

We now define our private-key quantum money scheme using the verification protocol
based on the Sampling Matching scheme.

5.4 Private-key Quantum Money Scheme

In this section we propose our private-key quantum money scheme. This scheme involves a
trusted money producing entity, the Bank, untrusted note holders, and trusted note verifiers.
The features of our money scheme are the following:

• Multiple note re-usability feature, meaning the same note can be reused by the holder
a number (linear in the size of the note) of times,

• Single round of classical interaction between the note verifier and the Bank,

• Security of up to 21.4% noise against any all powerful note adversary.

We divide our quantum money scheme into two phases. First is the Note preparation
phase, where the Bank chooses multiple n-bit binary strings independently and randomly.
The Bank takes each of these individual strings and encodes them into a single photon
state in superposition over n modes. The quantum note $ of the Bank is then the tensor
product of single photon states corresponding to all the input strings. This is then distributed
among the untrusted holders. In the Verification phase, a note holder who wants to use his
note for transaction, sends it to the verifier. Upon receiving the note, the verifier randomly
selects some copies of the note state (here the note consists of multiple copies, where one
copy corresponds to the single photon state that encodes one n-bit string). He then runs the
verification protocol using the Sampling Matching, SM scheme (Section 5.3.2). He locally
checks if the statistics of the measurement outcome obtained by running the SM-scheme is
what he should expect from an honest note holder. If he finds discrepancies, then he rejects
the note. If the note passes this test, then the outcomes from the SM-scheme are classically



Figure 5.4: Illustration of our quantum money scheme based on the verification protocol
using the SM-scheme. In the Note Preparation phase, the Bank independently and randomly
selects q n-bit binary strings and produces single photon superposition note states $ =
|x1〉 ⊗ |x2〉 ⊗ · · · ⊗ |xq〉. The Bank further initializes the r register to keep a track of the
number of positions in [q] where the states have been used for verification and the count
register to keep track of number of verification attempts on the note. The note is then sent to
the holder. To be able to carry out any transaction, the holder sends the note to an honest
verifier. In the Verification phase, the verifier selects a fraction of the q copies of the note
state which have an r = 0. He creates his local state |β〉 and applies the SM-scheme on those
selected copies. The verifier sends the outcome of the measurement scheme to the Bank.
Finally the Bank compares the outcomes with his secret string xj’s and outputs a bit VerBH
stating whether the note is valid or not.

communicated with the Bank. The Bank compares these outcomes with the his private n-bit
strings. If a high fraction of the outcomes are correct, then he outputs the bit VerBH = 1
implying that the note is valid. Otherwise, he outputs VerBH = 0.

The money scheme we use here is the quantum money mini-scheme. Under this scheme



the Bank produces one quantum note $, consisting of many copies of single photon states. The
goal of the note adversary is, after finite interactions with the Bank, to produce two quantum
notes $1 and $2 which successfully passes the verification test by two independent verifiers.
We have already emphasized that the security against any adversary in the quantum money
mini-scheme is enough to guarantee the security in the full fledged private-key quantum
money scheme with multiple notes and a classical serial number assigned to them.

We now describe the quantum money mini-scheme based on single photon states, linear
optics transformations and photon number resolving detectors.

5.4.1 Note Preparation Phase

1. The Bank independently and randomly chooses q n-bit binary strings x1, x2, .., xq ∈
{0, 1}n

2. The Bank encodes each the binary string xj into the single photon state in superposition
over n modes,

|xj〉 = 1√
n

n∑
k=1

(−1)xj,k â†k |0〉 (5.14)

where xj,k is the kth bit value of string xj and â†k is the creation operator for the mode
k with â†k |0〉 = |1〉k.

3. The Bank creates a classical binary register r and initializes it to 0q. This register keeps
the track of positions j where the states have been used for the verification.

4. The Bank creates a counter variable count and initializes it to 0. This keeps a track of
the number of verification attempts.

5. The Bank sends the quantum note ($, r) to the holder.

5.4.2 Verification Phase

Once the Bank distributes the notes, the holder in order to be able to carry out any transaction,
has to get the note verified from an honest verifier Ver. The verification procedure is listed
below.

Local testing

1. The holder gives the note $′(=: $ if the holder is honest) to Ver.



2. Ver checks the re-usability of the note by verifying that the hamming distance of r
register d(r, 0q) 6 T , where T is a predefined maximum number of copies in the note
that are allowed for verification. If d(r, 0q) > T , the note is rendered useless and must
be returned to the Bank.

3. Ver uniformly and randomly selects a subset L ⊂ [q] copies from the states marked
r = 0. He marks all the corresponding L copies in the r register to 1.

4. For each chosen copy j ∈ L, Ver prepares his local coherent state |β〉 = 1√
n

∑n
k=1 b̂

†
k |0〉

and runs the SM scheme (Section 5.7.1). Here b̂k is the creation operator for the mode
k with b̂†k |0〉 = |1′〉k.

5. Ver first checks if he gets 2 photon clicks in all the chosen L copies. If not, he rejects.

6. Ver counts the number of successful copies lsucc, where he obtains two single photon
clicks in two different modes. For these copies he outputs the parity outcome dj =
xj,k ⊕ xj,l where the clicks have been obtained in times modes k and l. For the rest of
the copies, he sets dj = ∅.

7. Ver checks if lsucc > lmin, where lmin = Eh[lsucc](1− ε) is the minimum number of
copies that will locally guarantee his acceptance of the note, where 0 6 ε 6 1 is the
security factor. Here Eh[lsucc] is the expected number of copies where the honest note
holder obtains two single photon clicks in two different modes when Ver runs the SM
scheme.

8. Ver proceeds to the communication with the Bank only when the note passes this test.

Communication with the Bank

9. Ver forwards the outcomes {j ∈ L, (k, l), dj} to the Bank.

10. The Bank checks if count < d T|L|e, otherwise he renders the verification attempt as
invalid.

11. For each copy j ∈ L with dj 6= ∅, the Bank compares the parity value dj with the
secret string xj . He validates the note if the number of correct outcomes

lcorsucc > Eh[lcorsucc](1− δ) (5.15)

where Eh[lcorsucc] is the expected number of copies that give the correct parity outcome
when the note holder is honest, and 0 6 δ 6 1 is a positive constant.

12. The Bank updates the count by 1.

Note: The optimal values of ε and δ in the scheme are determined by the forging probability
of the adversary. This is explained in further sections.



5.5 Correctness

In this section we compute the probability that an honest note holder fails the verification
test. We use the Chernoff-Hoeffding inequality to prove our results.

We first remark that the note holder always passes the step 5 of the Verification phase,
since he sends the entire Bank note to the verifier Ver, who after performing the SM-scheme
on the chosen L copies, always obtains the two photon clicks.

However, the note holder can fail the step 7 of the Verification phase if the number of
successful copies, where he obtains two single photon clicks in two different time modes,
lsucc < lmin = E[lsucc](1 − ε), where E[lsucc] is the expected number of copies where Ver
obtains two single photon clicks in two different modes when he runs the SM scheme, and ε
is the security parameter chosen by Ver. Eq.(5.12) tells us that for each of these chosen copy
j ∈ L, the probability that the verifier obtains two single clicks in two different time modes
is,

p11 = 1− 1
n

(5.16)

Thus for L copies chosen from the holder note state, the expected number of successful
outcomes by Ver is,

E[lsucc] = |L|p11 (5.17)

Using the Chernoff-Hoeffding bound, the probability that the holder fails this test is,

P[lsucc < lmin] 6 exp
(
− 2ε2E2[lsucc]

|L|

)
= exp(−2ε2p2

11|L|) (5.18)

If the note passes this local test of Ver then the honest note holder always passes the
verification test of the Bank. This is because across all the lsucc copies that Ver sends to the
Bank, the probability that the Bank obtains the correct parity outcome is c = 1. This implies
lcorsucc = lsucc.

Thus the probability that the honest holder fails the verification test is,

P[Honest fail] = P[lsucc < lmin] 6 exp(−2ε2p2
11|L|) (5.19)

5.6 Unforgeability of Bank notes

In this section, we explicitly calculate the forging probability for the adversary when he tries
to duplicate the Bank note $, to be able to pass the verification tests from two verifiers, Ver1
and Ver2, simultaneously. Our proof utilises the results of the proof by Amiri et al [AA17]
where they prove the unforgeability of the Bank notes when the verifier uses the Hidden
Matching verification scheme [BYJK04].



Here we look at the security proof when the Bank encodes his note states as single
photon superposition states. In the unforgeability proof, we assume that the adversary has in
possession a valid Bank note. From this valid note, he wants to create to two notes that pass
verification test of the verifiers, Ver1 and Ver2.

First we address one forging technique based on the manipulation of the r register by
the adversary. Since in each verification, the verifier chooses |L| copies and the maximum
number of verification attempts of the note is T , hence the adversary is allowed to set at
most (T − 1)|L| of the r register to 1. Suppose the adversary creates two notes (δ1, r1)
and (δ2, r2) and sends it to the verifiers Ver1 and Ver2 respectively. If the adversary sets
r1(j) = 0 and r2(j) = 1 for the j-th copy, then he is sure that Ver2 would not select that
state for verification. This way he can set at max (T − 1)|L| copies of r1 and r2 register
to 1. In the copies where he has set r1 = 1, he can send the Bank note states to Ver2, and
similarly for the copies where he has set r2 = 1, he can send Bank note states to Ver1. This
results in him exactly replicating the 2(T − 1)|L| copies of the note state for both verifiers.
This strategy also considers the worst case adaptive attack, where the adversary applies the
auxiliary verification attempt on at most T |L| permissible copies, and completely obtains
the information of the state for those copies. Thus now he has complete information of
(3T − 2)|L| copies of the note state.

Now to prove the unforgeability condition, we consider what happens in the remaining
q′ = q − (3T − 2)|L| copies of the states sent to Ver1 and Ver2 where the adversary has
no auxiliary information of the states and for which r1(j) and r2(j) are 0. Our structure of
the unforgeability proof is to relate the forging probability of the adversary to the average
fidelity of the remaining q′ states of Ver1 and Ver2 with the honest note state. An optimal
attack would correspond to maximization of the average fidelity, which can be written as a
semi definite problem (SDP). Solving this gives us an upper bound on the average forging
probability of the adversary.

First we remark that the adversary has to send a state across each these q′ copies to Ver1
and Ver2, because otherwise he fails the step 5 test in Verification phase with certainty.

Now suppose for the copy j ∈ [q′], the adversary has the honest note state,

|xj〉 = 1√
n

n∑
k=1

(−1)xj,k â†k |0〉 , (5.20)

The adversary uses this note to create two states, ηxj and τxj and sends them to Ver1 and
Ver2 respectively. We consider the normalized mixed state sent to Ver1,

ηxj =
n∑
k,l

Aklâ
†
k |0〉 〈0| âl (5.21)

where â†k is the creation operator of the kth mode, and the normalization factor being∑n
k=1 Akk = 1.



Ver1 now runs the SM-scheme as shown in Figure 5.3. The input of the interaction of
the mixed adversary state with the local state of Ver1 |β〉 = 1√

n

∑n
k=1 b̂

†
k |0〉 results in the

combined mixed state,

ηInj = |β〉 ⊗ ηxj ⊗ 〈β|

= 1
n

(
n∑
k=1

b̂†k |0〉 ⊗
n∑
l,m

Almâ
†
l |0〉 〈0| âm ⊗

n∑
o=1
〈0| b̂o

)
(5.22)

while the output of the the state after the n-beam splitter interaction is,

ηOutj = 1
4n

(
n∑
k=1

(ĉ†k − d̂
†
k) |0〉 ⊗

n∑
l,m=1

Alm(ĉ†l + d̂†l ) |0〉 〈0| (ĉm + d̂m) ⊗

n∑
o=1
〈0| (ĉo − d̂o)

) (5.23)

Now let us look at the probability with which Ver1 observes 2 photons in the same mode
ĉk,

pĉk2 = 〈00| ĉ2
k · ηOutj · ĉ†2k |00〉 = Akk

2n (5.24)

Similarly, the probability of having 2 photons in the same mode d̂k is,

pd̂k2 = | 〈00| d̂2
k · ηOutj · d̂†2k |00〉 = Akk

2n (5.25)

Over all the n modes, the total probability of having 2 photons in the same mode is

p2 =
n∑
k=1

pĉk2 + pd̂k2 =
n∑
k=1

Akk
n

= 1
n

(5.26)

Comparing Eq.(5.12) and Eq.(5.26), we see that the total probability of obtaining 2
photons in the same mode for an adversary is the same as that for an honest note holder. Thus
even for the adversarial state, Ver1 receives two single photons in different modes with a
probability p11 = 1− 1

n
.

Thus over the L copies chosen by Ver1, he receives on average |L|p11 copies with 2 single
clicks in different modes. This implies that the adversary passes the local step 7 of Ver1’s
Verification Phase test with the probability,

P[Ver1 accepts] = P[lsucc > lmin] > 1− exp(−2ε2p2
11|L|) (5.27)

where lsucc is the total copies where he gets single photon clicks in two different modes and
lmin = |L|p11(1− ε).



Now suppose that adversary passes this test. Then Ver1 communicates the parity outcomes
of lsucc copies to the Bank. According to Eq.(5.9), Ver1 correctly outputs the parity xj,e⊕xj,f

of a particular tuple (e, f) ∈ Tn if he operates T̂ †ef = 1
2
√

2

(
(−1)xj,e(ĉ†eĉ

†
f − d̂†ed̂

†
f + ĉ†ed̂

†
f −

d̂†eĉ
†
f ) + (−1)xj,f (ĉ†f ĉ†e − d̂

†
f d̂
†
e + ĉ†f d̂

†
e − d̂

†
f ĉ
†
e)
)

on the state ηOutj .

An incorrect outcome is obtained when he incorrectly outputs the parity outcome xj,e ⊕
xj,f of the tuple (e, f). This happens when the outcome is of the form,

Î†ef |00〉 = 1
2
√

2

(
(−1)xj,e(ĉ†eĉ

†
f− d̂

†
ed̂
†
f + ĉ†ed̂

†
f− d̂

†
eĉ
†
f )−(−1)xj,f (ĉ†f ĉ

†
e− d̂

†
f d̂
†
e+ ĉ†f d̂

†
e− d̂

†
f ĉ
†
e)
)
|00〉

(5.28)
The probability of obtaining an incorrect parity outcome for the tuple (e, f) ∈ Tn is,

pefV er1 = 〈00| Îef · ηOutj · Î†ef |00〉 (5.29)

Over all the tuples in Tn, the probability of having an incorrect outcome is,

p
xj
V er1 =

∑
(e,f)∈Tn

pefV er1

= 1
2n

∑
(e,f)∈Tn

(Aee +Aff − (−1)xj,e⊕xj,f (Aef +Afe))

= 1
2n

n∑
e,f

(n− n(−1)xj,e⊕xj,fAef )

= 1
2(1− Fxj )

(5.30)

where, Fxj = 〈xj| ηxj |xj〉 = 1
n

∑n
e,f (−1)xj,e⊕xj,fAef .

Now since the adversary does not know the secret string xj , instead of having the state
Eq.(5.21), he instead holds the mixture η = 1

2n
∑
xj ηxj . Thus the error probability for Ver1

averaged over all possible xj values is,

pV er1 = 1
2n
∑
xj

p
xj
V er1

= 1
2(1− F )

(5.31)

where F = 1
2n
∑
xj Fxj .

Similarly, for Ver2, who receives the mixed state τxj , the fidelity with the honest note
state is Gxj = 〈xj| τxj |xj〉. The average error probability of obtaining an incorrect outcome
is pV er2 = 1

2(1−G), where G = 1
2n
∑
xj Gxj .



Thus the combined average error probability of Ver1 and Ver2 is

pV er1 + pV er2 = 1− F +G

2 (5.32)

This problem can be cast as SDP, where the objective is to find a lower bound of the combined
average probability of obtaining an incorrect outcome for Ver1 and Ver2. This amounts to
maximizing the average fidelity

F̄ = F +G

2
.

Amiri et al [AA17] numerically solved this SDP for n 6 14 and verified that

F̄ 6
1
2 + 1

n
(5.33)

They further conjecture that it is true for any n. Eq.(5.33) allows us to give a lower bound on
the average probability of giving an incorrect outcome for Ver1 and Ver2.

pV er1 + pV er2 = 1− 1
2(F +G)

>
1
2 −

1
n

(5.34)

This is the probability for a single copy j chosen by the verifier. The verifier chooses
randomly and uniformly chooses L states from the q copies of the states from the holder.
Using the teleportation argument of Clarke and Kent [CK12], it can be shown that this lower
bound on error probability Eq.(5.34) is the same for all the L copies. This implies that
the verifier’s error probability for a copy remains the same, irrespective of the outcome of
previous copies. Since Eq.(5.34) is gives us a lower bound on the average error probability
for both verifiers, this implies that one verifier, lets say Ver1, must definitely have an error
probability emin at least

emin = 1
4 −

1
2n (5.35)

The above error probability has been calculated for q′ = q − (3T − 2)|L| copies. Over the
remaining q − q′ = (3T − 2)|L| copies, since the adversary has full information of the state,
his error probability is 0. Thus the average error probability for Ver1 across the lsucc copies
with not-null parity outcomes is,

emin = q − (3T − 2)|L|
q − (T − 1)|L|

(1
4 −

1
2n
)

(5.36)

Suppose, T |L| = λq, for some small fraction λ < 1 (for example 1/1000), then Eq.(5.36) is,

emin ≈
997
999

(1
4 −

1
2n
)
≈ 1

4 −
1

2n (5.37)



We know that if the holder is honest then the probability of him obtaining the correct
parity outcomes across all the lsucc copies is c = 1. From Eq.(5.37), we see that for the
adversary, this is cadv = 1 − emin. We define the cut-off δ = (c − cadv)/2. Then using the
Chernoff-Hoeffding bound, the probability that adversary’s note passes the test of Verification
Phase by both Ver1 and Ver2 is,

P[Ver1 and Ver2 accept] · P[Ver1BH = 1 and Ver2BH = 1|Ver1 and Ver2 accept]
6 P[Ver1 accepts] · P[Ver1BH = 1|Ver1 accepts]
6 P[Ver1BH = 1|Ver1 accepts]
6 exp(−2δl2min)

(5.38)

The condition c > cadv always holds as long as n > 2, hence the probability that both
verifiers pass the verification test is exponentially low. Since the Eq.(5.33) has been verified
until n = 14, the maximum error tolerance of the scheme is up to 21.4%. However, if the
conjecture by [AA17] holds true, then the maximum noise asymptotic noise tolerance of
25% can be achieved with this scheme.

5.7 Quantum Money scheme with Coherent States

In this section, we propose the private-key quantum money scheme when the Bank encodes
the secret strings as attenuated coherent states instead of the single photon superposition
states. The verification step by the honest verifier involves performing the Sampling Matching
scheme where he interacts the holder’s states with his local coherent uniform state. The
advantage of the Sampling Matching verification protocol in coherent state formalism is that
the verifier, irrespective of the input size n of each copy of the bank note, requires only a
single beam splitter to interact the holder’s states with his local state, and two single photon
threshold detectors to collect the photon clicks. From the above analysis in single photon
encoding, we see that the cut-off δ = (c− cadv)/2 increases with the size n. Thus going to
larger n makes it harder for an adversary to duplicate the Bank note and successfully pass
the verification protocol by two independent verifiers. Our Sampling Matching verification
scheme in the coherent setting is an ideal experimentally motivated framework to go to large
enough size n leading to a more robust quantum money scheme.

We start by first describing the Sampling Matching scheme when one party Alice sends a
coherent state to Bob, who interacts Alice’s state with his local state to output parity outcome
of a tuple (k, l) ∈ Tn. In the next section we describe our money mini-scheme using the
Sampling Matching protocol as the verification scheme. Towards the end we analyse our
money scheme for correctness and unforgeability condition in presence of experimental
imperfection model.



Figure 5.5: Sampling Matching (SM) circuit implementation using attenuated coherent states,
50/50 beam splitter (BS) and single photon threshold detectors. The upper arm illustrates
honest Alice’s state as a coherent state |αx〉, which consists of sequence of coherent pulses.
The coherent state is encoded with a random phase x ∈ {0, 1}n through the phase modulator
(PM). The lower arm is used by Bob to produce a local reference coherent state |β〉, consisting
of a sequence of coherent pulses, with an average photon number of 1. Bob interferes the
states into the 50/50 BS and infers the parity information from the detector clicks in D0 and
D1. This allows Bob to obtain the parity outcome of a tuple in Tn. The red dot in the 1st and
3rd time sequence denotes that Bob observed clicks at D1 and D0 detectors respectively for
these time steps. Thus he infers the parity outcome for the tuple (1, 3), x1 ⊕ x3 = 1.

5.7.1 Sampling Matching (SM) Scheme with Coherent States

As we have already emphasised in the Section 5.3.2, Sampling Matching scheme is the
testing scheme for Bob to extract the parity outcome of a tuple from the perfect disjoint set
Tn containing n(n − 1)/2 distinct tuples. Here we look at the testing scheme when Alice
sends a coherent state to Bob.

The technique, as depicted in Figure 5.5, is the following: When an honest Alice receives
the binary string x ∈ {0, 1}n, she encodes this information of the string into the coherent
state |αx〉 and sends it to Bob,

|αx〉 =
n⊗
k=1
|(−1)xj 1√

n
〉
k

(5.39)

where |αx〉 is the sequence of n coherent pulses with amplitude 1
n

in each of the modes.

Bob prepares his local coherent state consisting of a sequence of n coherent pulses in n
modes.

|β〉 =
n⊗
k=1
| 1√
n
〉
k

(5.40)

He then sequentially mode-by-mode interacts his local pulses with Alice’s incoming
pulses. The interaction is via the 50/50 beam splitter (BS). In absence of any experimental



imperfections, the coherent pulse modes at the input of Bob’s BS in k-th step are,

|(−1)xk 1√
n
〉
k

⊗ | 1√
n
〉
k

, (5.41)

and the output modes are,

|(1 + (−1)xk)√
2

1√
n
〉
k,D0

⊗ |(1− (−1)xk)√
2

1√
n
〉
k,D1

(5.42)

The output modes are fed into the single photon threshold detectors D0 and D1 to observe
the clicks. When any coherent state |α〉 is incident on the threshold detector, then the
probability of the click is given by,

pc = 1− exp(−|α|2) (5.43)

Let us see how Bob obtains the parity outcomes of one of the tuples in Tn from the
detector clicks. The output state in Eq.(5.42) denotes that the detector D0 clicks iff xk = 0
while D1 clicks iff xk = 1. For Bob to output a parity outcome a tuple with certainty, he
needs to obtain single photon clicks in the detectors at two different time modes. Bob decides
that he would output the parity outcome only if he receives exactly two single photon clicks at
two different time modes. The probability that he obtains exactly two clicks in two different
time modes is,

p11 =
(
n

2

)
p2

1(1− p1)n−2 (5.44)

where p1 = 1− exp(− 2
n
) is the probability of observing a single click in one time mode.

Now suppose Bob observes the clicks in the k-th and l-th time modes are in detectors D0
and D1 respectively. This implies d = xk ⊕ xl = 1. This enables Bob to output the parity
outcome of (k, l) ∈ Tn.

If on the other hand, Bob does not obtain exactly two clicks in two different time modes,
then he outputs the parity outcome d = ∅.

5.7.2 Private-key Quantum Money Scheme

In this section we propose our private-key quantum money mini-scheme using coherent states.
We divide our quantum money scheme into two phases. First is the Note preparation phase,
where the Bank chooses multiple n-bit binary strings independently and randomly. The Bank
takes each of these individual strings and adds a randomized phase in [0, 2π] to produce the
attenuated coherent states. The quantum note $ of the Bank is then the combined tensor
product of coherent states corresponding to all the input strings. This is then distributed
among the untrusted holders. In the Verification phase, a note holder who wants to use his
note for transaction, sends it to the verifier. Upon receiving the note, the verifier randomly



Figure 5.6: Illustration of our quantum money scheme based on the verification protocol
using the SM-scheme. In the Note Preparation phase, the Bank independently and randomly
selects q n-bit binary strings and produces phase randomized note coherent states $ = |αx1〉⊗
|αx2〉 ⊗ · · · ⊗ |αxq〉, where each coherent state |αxj〉 is phase randomized with θj ∈ [0, 2π].
The Bank stores the phase randomization information in the register Phase∈ [0, 2π]q. The
Bank further initializes the r register to keep a track of the number of positions in [q] where
the states have been used for verification and the count register to keep track of number of
verification attempts on the note. The note is then sent to the holder. To be able to carry out
any transaction, the holder sends the note to an honest verifier. In the Verification phase, the
verifier selects a fraction of the q copies of the note state which have an r = 0. The verifier
queries the phase randomization information of the selected copies from the Bank. He then
creates his local state |βj〉 and applies the SM-scheme on those selected copies. The verifier
sends the outcome of the measurement scheme to the Bank. Finally the Bank compares the
outcomes with his secret string xj’s and outputs a bit VerBH stating whether the note is valid
or not.

selects some copies of the note state (here the note consists of multiple copies, where one copy



corresponds to the coherent state that encodes one n-bit string). He then queries the phase
randomized information of those selected copies from the Bank and runs the verification
protocol using the Sampling Matching, SM scheme (Section 5.7.1). He then locally checks
if the statistics of the measurement outcome obtained by running the SM-scheme is what
he should expect from an honest note holder. If he finds discrepancies, then he rejects the
note. If the note passes this test, then the outcomes from the SM-scheme are classically
communicated with the Bank. The Bank compares these outcomes with his private n-bit
strings. If a high fraction of the outcomes are correct, then he outputs the bit VerBH = 1
implying that the note is valid. Otherwise, he outputs VerBH = 0.

In the section where we talk about the unforgeability of the note against an adversary,
we emphasize on the importance of phase randomization of the note states by the Bank.
We effectively show that without this condition, the note adversary can possibly use the
unambiguous state discrimination attack, which allows him to forge the note with substantially
high probability. This is one of the possible attacks by the adversary. In general, the adversary
could use an optimal POVM technique to cheat with a non-negligible probability.

We now describe the quantum money mini-scheme based on attenuated coherent states,
linear optics transformations and single photon threshold detectors.

5.7.3 Note Preparation Phase

1. The Bank independently and randomly chooses q n-bit binary strings x1, x2, .., xq ∈
{0, 1}n

2. The Bank encodes each the binary string xj into the phase randomized coherent state
|αxj〉, with an average photon number 1,

|αxj 〉 =
n⊗
k=1
|eiθj (−1)xj,k 1√

n
〉
k

(5.45)

where xj,k is the kth bit value of string xj , and θj ∈ [0, 2π] is a random phase chosen
by the Bank for all j ∈ [q]. The coherent state |αxj〉 is a sequence of n coherent pulses
in n modes.

3. The Bank stores this phase information in the classical register Phase ∈ [0, 2π]q.

4. The Bank creates a classical binary register r and initializes it to 0q. This register keeps
the track of positions j where the states have been used for the verification.

5. The Bank creates a counter variable count and initializes it to 0. This keeps a track of
the number of verification attempts.

6. The Bank sends the quantum note ($, r) to the holder.



5.7.4 Verification Phase

Once the Bank distributes the notes, the holder in order to be able to carry out any transaction,
has to get the note verified from an honest verifier Ver. The verification procedure is listed
below.

Local testing

1. The holder gives the note $′(=: $ if the holder is honest) to Ver.

2. Ver checks the re-usability of the note by verifying that the hamming distance of r
register d(r, 0q) 6 T , where T is a predefined maximum number of copies in the note
that are allowed for verification. If d(r, 0q) > T , the note is rendered useless and must
be returned to the Bank.

3. Ver uniformly and randomly selects a subset L ⊂ [q] copies from the states marked
r = 0. He marks all the corresponding |L| copies in the r register to 1.

4. Ver queries the Bank for the randomized phase information of the L copies from
the Phase register. At this stage, Bank publicly broadcasts the randomized phase
information of the L copies.

5. For each copy j ∈ L, Ver prepares his local coherent state |βj〉 = ⊗nk=1 |eiθj 1√
n
〉
k

and
runs the SM scheme (Section 5.7.1).

6. Ver counts the number of successful copies lsucc, where he obtains exactly two single
photon clicks in two different time modes. For these copies he outputs the parity
outcome dj = xj,k ⊕ xj,l where the clicks have been obtained in times modes k and l.
For the rest of the copies, he sets dj = ∅.

7. Ver checks if lsucc > lmin, where lmin = Eh[lsucc](1− ε) is the minimum number of
copies that will locally guarantee his acceptance of the note, where 0 6 ε 6 1 is the
security factor. Here Eh[lsucc] is the expected number of copies where the honest note
holder obtains exactly two single photon clicks when Ver runs the SM scheme.

8. Ver proceeds to the communication with the Bank only when the note passes this test.

Communication with the Bank

9. Ver forwards the outcomes {j ∈ L, (k, l), dj} to the Bank.

10. The Bank checks if count < d T|L|e, otherwise he renders the verification attempt as
invalid.



11. For each copy j ∈ L with dj 6= ∅, the Bank compares the parity value dj with the
secret string xj . He validates the note if the number of correct outcomes

lcorsucc > Eh[lcorsucc](1− δ) (5.46)

where Eh[lcorsucc] is the expected number of copies that give the correct parity outcome
when the note holder is honest, and 0 6 δ 6 1 is a positive constant.

12. The Bank updates the count by 1.

Note: The optimal values of ε and δ in the scheme are determined by the experimental
imperfection parameters and the forging probability of the adversary. This is explained in
further sections.

5.8 Correctness

In this section we compute the probability that an honest note holder fails the verification
test in the ideal and experimental imperfection scenario. We use the Chernoff-Hoeffding
inequality to prove our results.

5.8.1 Analysis in Ideal scenario

In the ideal scenario, the note holder fails the verification test if he fails the local step 7 of the
Verification Phase of Ver i.e. if the number of successful copies lsucc < lmin = E[lsucc](1−ε),
where E[lsucc] is the expected number of copies where the verifier Ver obtains exactly two
single photon clicks when he runs the SM scheme, and ε is the security parameter chosen by
Ver. For each of these chosen copy j ∈ L, the probability that the verifier obtains exactly two
single clicks in different time modes is,

p11 =
(
n

2

)
p2

1(1− p1)n−2 (5.47)

where p1 = 1− exp(− 2
n
) is the probability of observing a single click in one time mode.

Thus for |L| copies chosen from the holder note state, the expected number of successful
outcomes by Ver is,

E[lsucc] = |L|p11 (5.48)

Using the Chernoff-Hoeffding bound, the probability that the holder fails this test is,

P[lsucc < lmin] 6 exp
(
− 2ε2E2[lsucc]

|L|

)
= exp(−2ε2p2

11|L|) (5.49)



If the note passes this local test of Ver then the honest note holder always passes the
verification test of the Bank. This is because across all the lsucc copies that Ver sends to the
Bank, the probability that the Bank obtains the correct parity outcome is c = 1. This implies
lcorsucc = lsucc.

Thus the probability that the honest holder fails the verification test is,

P[Honest fail] = P[lsucc < lmin] 6 exp(−2ε2p2
11|L|) (5.50)

5.8.2 Analysis with experimental imperfections

We now analyse the probability that an honest note holder fails the verification test in presence
of realistic experimental imperfections. This imperfection is due to three major sources:

(i) The limited detector efficiency + channel transmission loss, characterized by parameter
0 6 η 6 1. This changes the state α to

√
ηα thus reducing the probability of the

verifier obtaining a click in his single photon detector by a factor η,

(ii) The limited set-up visibility 0 6 ν 6 1, which leads to a finite probability of a click in
the wrong detector, and

(iii) The dark count in the detectors characterized by probability pdark. In our scheme, the
Bank produces coherent states with average photon number 1. Under this regime, for
relatively small input sizes, the signal click probability is significantly larger than the
dark count probability pdark (∼ 10−6). Thus the effect of dark counts can be safely
ignored in our analysis.

In this scenario, Ver runs the SM scheme in presence of imperfections (η, ν). For each
copy j ∈ L, Ver interacts the incoming holder state with his local state |βj〉. The input in the
Ver’s beam splitter at the k-th time step is,

|eiθj(−1)xj,k
√
η

n
〉
k
⊗ |eiθj

√
η

n
〉
k

(5.51)

and the output state is

|eiθj
((1 + (−1)xj,k)√

2
√
ν + (1− (−1)xj,k)√

2
√

1− ν
)√

η

n
〉
k,D0

⊗

|eiθj
((1− (−1)xj,k)√

2
√
ν + (1 + (−1)xj,k)√

2
√

1− ν
)√

η

n
〉
k,D1

(5.52)

The contrast from the ideal setting is that, in the ideal case, at any time step, the non-zero
click probability is only in the correct detector. But in presence of experimental imperfections,
due to the finite visibility factor, there is a non-zero click probability of a click in both the



correct and incorrect detectors. From the Eq.(5.52), it is obvious that larger the visibility
ν, more are the chances of the photons going in the correct output mode. Across each time
modes, the probability of a click in the correct detector is

pc = 1− exp(−2ην
n

) (5.53)

while the probability that click is in the wrong detector is

pw = 1− exp(−2η(1− ν)
n

) (5.54)

Similar to the ideal case, for each position j ∈ L, the probability that the verifier obtains
exactly two single clicks in different time modes is,

p11 =
(
n

2

)
p2

1(1− p1)n−2 (5.55)

where p1 = pc(1− pw) + pw(1− pc) is the probability of observing a single click in one time
mode.

Thus for |L| copies chosen from the holder note state, the expected number of successful
outcomes by Ver is,

E[lsucc] = |L|p11 (5.56)

Using the Chernoff-Hoeffding bound, the probability that the holder fails this test is,

P[lsucc < lmin] 6 exp
(
− 2ε

2E2[lsucc]
|L|

)
= exp(−2ε2p2

11|L|) (5.57)

Passing this local test of Ver does not guarantee that honest holder passes the verification
test. This is because in presence of experimental imperfections, the probability that Ver runs
the SM scheme and obtains the correct parity outcome for all the lsucc copies is c < 1. This
is the consequence of the non-zero click probability in the wrong detector across each time
step which could lead to a wrong parity outcome. The probability that Ver outputs the wrong
parity value when he obtains exactly two single-click time modes is,

pwrong parity = 2pc(1− pw)pw(1− pc)
[pc(1− pw) + pw(1− pc)]2

(5.58)

This implies that the probability that the outcome parity is correct is c = 1− pwrong parity.
The expected number of correct outcome copies of the verifier is E[lcorsucc] = lsuccc. We define
the cut-off δ = (c− cadv)/2, where cadv is the maximum average success probability achieved
by an adversary [5.9]. Then using the Chernoff-Hoeffding bound, the probability that the
honest holder fails this test is,

P[lcorsucc < E[lcorsucc](1− δ)] 6 exp(−2δ2c2lmin) (5.59)



The total probability that the honest note holder fails the verification test in presence of
experimental imperfection, taking into account the possible failures at Ver’s local step and
Bank’s step is,

P[Honest fail] 6 exp(−2ε2p2
11|L|) + exp(−2δ2c2lmin) (5.60)

The more is the cut-off value δ, the lesser is the probability of the honest note holder failing
the verification test.

5.9 Unforgeability of Bank notes

In this section, we look at the idea to calculate the forging probability for the adversary when
he tries to duplicate the Bank note $, to be able to pass the verification tests of two verifiers,
Ver1 and Ver2, simultaneously.

When the Bank prepares each copy the coherent state with average photon number 1,
then, since the number of photons in the coherent state follows a poissonian behaviour, hence
there are three cases that might emerge when the Bank sends these coherent states:

1. Zero photons emitted: If the state emitted by the Bank does not have any photon,
then it is as if the Bank is sending a vacuum state. In this case the adversary cannot do
much apart from inducing a 50% error rate. The probability of obtaining zero photon
is p0 = exp(−1).

2. Exactly one photon emitted: If the state emitted by the Bank has exactly 1 photon,
then the state is equivalent to a single photon state . In this case, one can perform the
security analysis by considering that the Bank is sending single photon states. This
happens with a probability p1 = exp(−1).

3. More than one photon emitted: When the state emitted by the Bank has more than
one photon, then we assume the worst scenario and say that the adversary can perfectly
forge the state. This happens with the probability p1+ = 1− p0 − p1 = 1− 2 exp(−1)

Building on these ideas, we can explicitly calculate the average forging probability cadv of
the adversary across each copy chosen the verifier. As long as the honest holder probability c
is greater than cadv, we can ensure that our money scheme remains unforgeable even against
an all powerful adversary. This, along with the experimental implementation of the money
scheme with coherent state, is an on-going work.

In the next section we justify the need of phase randomization of the coherent states by
the Bank, without which the adversary substantially increases his forging probability.



5.9.1 Phase Randomization

Each note produced by the Bank consists of q copies of note states with each copy j ∈ [q]
being sequence of coherent states |αxj〉 = ⊗n

k=1 |eiθj(−1)xj,k 1√
n
〉
k
, where xj,k is the k-th bit

of string xj ∈ {0, 1}n, and eiθj is the global random phase of the coherent state. We study
the case when the Bank does not phase randomize the coherent states. Further, we assume
that the adversary has complete information of the phase reference used by the Bank. For
simplicity let us assume that the phase reference eiθj = 1, ∀j ∈ [q]. Now, when the Bank
sends this note to the holder, then because of the phase reference information, the holder is
sure that for each copy and across each time step, he receives either |+〉 coherent pulse or the
|−〉 coherent pulse where,

Figure 5.7: Figure comparing the success probability of the attacker to determine the bit
value when he uses the USD attack vs when he just randomly guesses the bit value. Since the
input n-bit string is binary encoded, the probability of the attacker to correctly guess the bit
value is 0.5. In contrast, for low input sizes, the success probability of the attacker increases
substantially when he uses the unambiguous state discrimination attack (USD).

|+〉 = e−1/n(|0〉+ 1√
n
|1〉+ 1

2n |2〉 ..),

|−〉 = e−1/n(|0〉 − 1√
n
|1〉+ 1

2n |2〉 ..)
(5.61)

This allows the holder to perform an unambiguous state discrimination (USD) by per-



forming the POVM measurement {M+,M−,Minc} on the incoming density state ρ =
1
2(|+〉 〈+|+ |−〉 〈−|) for each time mode. Here

• M+ corresponds to outcome of bit value 0,

• M− to outcome of bit value 1.

• Minc returns inconclusive bit value outcome. In this case the holder guess the bit value
with 50% correctness.

The objective of the adversary then is to maximize the function: Tr((M+ + M−)ρ) +
1
2Tr(Mincρ). This can be explicitly written as a semi-definite programming SDP,

max Tr((M+ +M−)ρ) + 1
2Tr(Mincρ)

subject to M+ +M− +Minc = I,
M+ |+〉 = 0,
M− |−〉 = 0,
M−, M+, Minc > 0

For the SDP, we take the contribution of only |0〉 , |1〉 , |2〉 , |3〉 photon number states for
our density matrix ρ. This assumption holds because the state has 1 photon on average spread
over n-time bin modes, and the probability of obtaining 4-photons or more is negligibly
small. Figure 5.7 is the simulation plot of the success probability of the attacker to determine
the bit value when he uses the USD attack vs when he just randomly guesses the bit value.
We see that for low input sizes, the adversary substantially enhances his success probability
to correctly output the bit value, thus enabling him to forge the note with higher success
probability.

In contrast, if the Bank phase randomizes the the coherent states, then at each time step
holder effectively sees a classical mixture,∫ 2π

0

dθ

2π |e
iθ (−1)xj,k√

n
〉 〈eiθ (−1)xj,k√

n
| = e−1/n∑

l

1
nll! |l〉 〈l| , (5.62)

Thus under phase randomization, the attacker is no longer able to perform the USD attack
and the best he can do is randomly guess the bit value.

5.10 Conclusion

We introduced the private-key quantum money as the cryptographic task using Sampling
Matching verification protocol. We first analysed the money scheme when the Bank encodes



each copy of the note into single photon states in superposition over many modes. We
analysed the correctness and unforgeability of our scheme and showed that an honest note
holder passes the verification protocol with an exponentially close-to-one probability, while
an adversary, trying to duplicate the note to be able to pass the verification protocol of two
independent verifiers, fails the test with exponentially close-to-one probability.

Building on this result, we have proposed an experimentally motivated framework of
the quantum money scheme using attenuated coherent states. This framework eases out the
implementation of quantum money schemes since the verification protocol by the verifier
requires just a single 50/50 beam splitter and two threshold detectors as optical elements.

The coherent based scheme we have proposed has two rounds of classical interaction
with the Bank. We don’t see it as a problem because both rounds are classical interaction,
and both the rounds of interactions involve the public broadcast of information by the Bank
and verifier, thus posing no security threat to the note.

The future line of work involves explicitly proving the forging probability of the adversary
in the coherent state framework, and experimental demonstration of our money scheme.

Another interesting future line of direction in the coherent state framework would involve
reducing the classical interaction between the verifier and the Bank to a single round by
removing the constraint of phase randomization and identifying whether we can still achieve
a positive gap between the honest note holder success probability and the adversary forging
probability.



6 Programmable Measurement
with Coherent States

6.1 Introduction

All the experiments involving measurement of a quantum state (or sets of quantum states)
requires preparing a circuit, which is often classically controlled, to perform a vast majority
of operations on the state, with the aim of creating a universal quantum computer. The
choice of measurement typically depends on task at hand. A scenario that involves the
programmable projective measurement is the implementation of Hidden Matching commu-
nication problem [Chapter 4.2]. The implementation of a matching from the matching set
involves reprogramming the circuit involving optical switches and delays as we have depicted
in Figure 4.3.

There have also been recent works on constructing a reprogrammable optical circuit to
control the measurement that is sufficient to implement all possible linear optical protocols
up to the size of that circuit [CHS+15]. Their circuit involves Mach-Zhender interferometers
and thermo-optic phase shifters which are electronically and optically controlled.

In this work, we will investigate the case where the choice of measurement is instead
controlled by the input quantum state. This setting has been previously investigated in
the communication complexity problems involving Euclidean Distance [Chapter 3] and
Sampling Matching [Chapter 4], and also in the cryptographic setting involving the veri-
fication procedure in quantum money protocol [Chapter 5], where in all these cases, the
input states controls the outcome of the measurement performed using the beam splitter
operation. The heart of our previous works is to find the best possible way to discriminate
the two unknown quantum states. The task of discriminating two states is trivial in the
classical world, where the two states can be checked bit wise and thus the maximum check
that needs to be performed is on all the bits of the states (size of the states). However,
comparing two quantum states is non-trivial due to the fact that the states cannot be cloned
[WZ82]. Buhrman et al [BCWDW01] introduced the technique, control-swap operation, to
discriminate two unknown quantum states with a one sided error probability. This technique
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is optimal if one has only a single copy of the two quantum states [BCJ03]. However, in
order to succeed with an arbitrarily small error probability τ , this technique need O(log 1

τ
)

copies of the qubit states. Motivated by this scenario, Chabaud et al [CDM+18] provided an
generalised version of controlled-swap test by considering a situation when the input state is
a single copy of one qubit state, called the test state, and multiple copies of the other qubit
state, called the reference states. They asked the question: Can two unknown qubit states
have a better discrimination probability in just a single run of the test. Their answer was in
affirmative by stating that the discrimination probability increases with the number of copies
of reference states.

In our work, we extend the results of [CDM+18] to case when the unknown quantum
states are encoded using coherent states. Our result shows a better convergence towards
perfect discrimination of the unknown quantum states, compared to the previous results. Over
the next sections, we review the existing state discrimination techniques for qubit states and
for coherent states. We then introduce the discrimination technique using coherent states for
single test state and multiple reference states. Further, we analyse the scenarios in realistic
experimental settings and compare our result with the previous known results. We conclude
by giving the proof for the optimality of our projective measurement test for two unknown
coherent states in our generalised setting.

6.2 State Discrimination with Single Copy of States

The discrimination measurement circuit for two unknown qubit states under one sided error
was first introduced by [BCWDW01]. If the encoding of the qubit states is using coherent
states, then it translates to applying a beam splitter operation and observing the photon clicks
in the output modes.

6.2.1 C-SWAP Circuit

The C-SWAP operation is applied to two unknown qubit states |φ〉 and |ψ〉, and an ancillary
qubit |0〉 as shown in Figure 6.1. Applying the circuit and measuring the ancilla qubit, returns
the output “1” with a probability p(“1”) = 1

2(1− |〈φ|ψ〉|2), while it returns the output “0”
with probability 1− p(“1”).

Completeness: If the states |φ〉 and |ψ〉 are the same, then there is a zero probability of
the outcome being “1”. We say that the test has perfect completeness, where completeness
c2 = 1− p(“1”) when the states are the same. The subscript denote the two states used for
testing.

Soundness: If the states are different, then with finite probability 1− p(“1”), one is not
able to discriminate the states. Thus the soundness s2 = 1− p(“1”) is strictly greater than 0.
The soundness of this scheme can be increased to any desired 1− τ , by repeating the this



Figure 6.1: Controlled Swap test circuit employed by to discriminate the incoming qubit
states. The ancilla qubit is measured in the computational basis and this relates to the
probability of discriminating the two qubit states.

technique O(log 1
τ
) times.

6.2.2 Beam Splitter Operation for Coherent States

The above C-SWAP circuit applies to any general unknown qubit states. If the qubit states are
prepared using coherent states, then the C-SWAP operation can be performed using a 50/50
beam splitter (BS) and observing the photon click in the single photon threshold detector D1.
The interference of two unknown coherent states |α〉 and |β〉 is shown in Figure 6.2.

Figure 6.2: 50/50 Beam splitter (BS) operation on input states |α〉 and |β〉. The output modes
of BS are put in single photon threshold detector D1. The probability of obtaining a click in
D1 constitutes to the projective measurement test of distinguishing the two unknown states.

The input states at the beam-splitter are,

|α〉a ⊗ |β〉b , (6.1)



where the subscripts denote the mode at which coherent states enter the beam splitter.
In the absence of experimental imperfections, this yields the output state,

|α + β√
2
〉
c

⊗ |α− β√
2
〉
d

, (6.2)

The probability of obtaining a click in the detector D1 is,

pD1 = 1− exp(−|α− β|
2

2 ) = 1− |〈α|β〉| (6.3)

The Hadamard interferometer interpretation

Another technique to view the above the 50/50 beam-splitter operation is performing a
Hadamard-Welsh transformation of order 1 on the input coherent states |α〉 and |β〉. [Cre15,
COR+16].

H |α〉 ⊗ |β〉 = |α + β√
2
〉 ⊗ |α− β√

2
〉 (6.4)

where, H = 1√
2

[
1 1
1 −1

]
is the Hadamard-Walsh transform of order 1. Later, we see that

this interpretation facilitates an easy computation of state discrimination in the generalised
setting.

Completeness & Soundness

We introduce the completeness c2 and soundness s2 in terms of the trace distance of the states
|α〉 and |β〉. The trace distance for two coherent states {|α〉 , |β〉} is,

‖ |α〉 〈α| − |β〉 〈β| ‖tr =
√

1− |〈α|β〉|2 =
√

1− e−|α−β|2 (6.5)

We assign to the detection event (obtaining a click in D1 ) the value “1”, and to the other
detection event (no click in detector D1) the value “0”.

Completeness: If the states are the same, then the trace distance = 0. Thus the probability
of having the detection event “1” is zero. This ensures perfect completeness c2 = 1, where
the subscript denotes the size, or, the order of Hadamard interferometer.

Soundness: Suppose ‖ |α〉 〈α| − |β〉 〈β| ‖tr > ε. Then the soundness, which is the
probability of failing to obtain the detection event “1”, is s2 > 1 −

√
1− ε2. Thus it is

strictly greater than 0. The soundness can be increased to any s2 = 1− τ by repeating the
measurement procedure for log 1

τ
runs.



6.3 Generalised Single Run State Discrimination

We now consider the scenario when one receives a single copy of the unknown test state
|α〉, and the objective is to check if the test state is equal to the reference coherent state |β〉.
Here one can have multiple copies of the reference state but is limited to just a single copy
of the test state. In the trivial case, the state discrimination can be performed with a single
copy of the test and reference states. This succeeds with a probability given by Eq.(6.3).
In this section, we prove that having multiple copies of reference state |β〉 increases the
success probability of discriminating with the test state |α〉. For this, we provide a generalised
interferometer construction using Hadamard transformations.

Input State: Suppose the input to the generalised interferometer is M coherent states,

|α〉1 ⊗ |β〉2 ...⊗ |β〉M (6.6)

where the subscript denotes the mode in which the coherent state enters the generalised
interferometer. For simplicity, we address this states as |αβ...β〉.

The input is then fed in theM sized generalised interferometer. For M = 4 spatial modes,
this interferometer is described by the Hadamard-Walsh transform of order 2:

H2 = H⊗2 = 1√
2

(
H H
H −H

)
(6.7)

where H is a Hadamard matrix. The implementation for M = 4 interferometer construction
is shown in Figure 6.3.

In the general case, the Sylvester-Hadamard interferometer of order M is described by
the Hadamard-Walsh transform of order n = logM and is defined by:

Hn = H⊗n, (6.8)

with H0 = 1 and H1 = H .

Output state: The input coherent states |αβ . . . β〉 upon interaction with the interferome-
ter of order n transforms as,

|αβ . . . β〉 7→ Hn |αβ . . . β〉 = |δ1δ2 . . . δM〉 , (6.9)

where, with a simple induction technique, we obtain δ1 = α+(M−1)β√
M

and δk = α−β√
M

for k 6= 1.
Thus out of M output modes, the last M − 1 modes have the same probability of a click.

We now assume that we detect the last M − 1 output modes of the generalised Hadamard



Figure 6.3: Sylvester-Hadamard interferometer with 4 input modes.The input states are one
test state |α〉 and three local states |β〉, one in each mode. The detectors Di are single photon
threshold detectors, ∀i ∈ {1, 3}.

interferometer. The probability P∅ that none of the M − 1 detectors clicks is,

P∅(α, β,M) =
M∏
k=2

[1− P(click in kth mode)]

=
M∏
k=2

[1− (1− exp(−|δk|2))]

= exp(−M − 1
M

|α− β|2)

= (| 〈α|β〉 |2)1− 1
M .

(6.10)

In particular, for all α, β ∈ C, P∅(α, β,+∞) = | 〈α|β〉 |2, which corresponds to a perfect
projective measurement of the states |α〉 and |β〉. Writing x = | 〈α|β〉 |2 the overlap of the
different input states, we obtain,

P∅(x,M) = x1− 1
M . (6.11)

Assigning to this detection event (none of the detectors click) the value “0”, and to other
detection events (at least one of the M − 1 detectors clicks) the value “1”, we obtain a device
whose statistics mimic those of a projective measurement, with

PM(“0”) = 1− PM(“1”) = x1− 1
M . (6.12)



For the single-photon encoding, with an M input state |φψ . . . ψ〉, the corresponding statistics
as obtained by Chabaud et al [CDM+18] are,

PM(“0”) = 1− PM(“1”) = 1
M

+
(

1− 1
M

)
x. (6.13)

The single photon encoding implies having M number resolving detectors. On the contrary,
the encoding with coherent states, requires M − 1 single photon threshold detectors. Experi-
mentally, this is more cost effective and relatively easier to implement. The other advantage
with coherent state encoding is it gives a more faithful projective measurement than the
single-photon encoding. Indeed, the statistics produced by coherent state encoding is closer
to the ones of a perfect projective measurement. For any given value of the overlap x:

∀x ∈ [0, 1], x 6 x1− 1
M 6

1
M

+
(

1− 1
M

)
x. (6.14)

Moreover, the convergence speed towards a perfect projective measurement is faster with the
coherent state encoding. For a giving size M , the maximal gap with the perfect projective
measurement is,

eSP (M) = max
x∈[0,1]

∣∣∣∣[ 1
M

+
(

1− 1
M

)
x
]
− x

∣∣∣∣
= 1
M

(6.15)

for the single-photon encoding, and

eCS(M) = max
x∈[0,1]

∣∣∣(x1− 1
M

)
− x

∣∣∣
= (M − 1)M−1

MM

∼ 1
M
e−(1− 1

M
)

(6.16)

for the coherent state encoding.

Thus the coherent state encoding decreases the gap faster compared to the single pho-
ton encoding. This happens because for the single-photon encoding no assumption is made
about the states |φ〉 and |ψ〉, while the states |α〉 and |β〉 are assumed to be coherent states.
This additional information about the states allows for the better discrimination of the two
states. A related question would be, is the generalised Hadamard gate operation optimal? Or
can a better measurement setting improve the state discrimination. We show in Section 6.5
that the generalised Hadamard interferometer is actually optimal for approaching perfect
projective measurement with coherent states.

6.3.1 Completeness & Soundness in Generalised Model

In the generalised model of order M using coherent states, we observe the clicks in the last
M − 1 threshold detectors.



Completeness: If the states are the same, then the trace distance ‖ |α〉 〈α|−|β〉 〈β| ‖tr = 0,
and hence the probability of having the detection event “1” is 0. Thus, the completeness of
this scheme cM = 1.

Soundness: If the states {|α〉 , |β〉} are ε far apart in trace distance, then the soundness
of this scheme is sM > 1− (1− ε2)1− 1

M .

6.4 Analysis with Experimental Imperfections

In this section, we consider the effect of generalised Hadamard operation in presence of
experimental imperfections. Our model of imperfection is the same as described in the
previous chapters. There are three major sources of error. (i) The limited detector-efficiency
and channel transmission loss, characterized by parameter 0 6 η 6 1. This changes the
state α to

√
ηα thus reducing the probability of the verifier obtaining a click in his single

photon detector by a factor η, (ii) The limited beam-splitter visibility 0 6 ν 6 1, which may
lead to a click in the wrong detector, and (iii) the dark count in the detectors characterized
by probability pdark. For our analysis, the click probability due to coherent state is of O(1)
and thus significantly larger than the dark count probability pdark (∼ 10−8). The dark count
effect can thus be safely ignored.

η(channel + det) ν pdark
Exp. 0.9 (98.8± 0.3)% (1± 0.1) ∗ 10−8

Table 6.1: Experimental parameters achievable with super-conducting detectors [SJZ+18]
and the beam-splitter set-up in our experimental lab.

For M = 2, when the input |α〉, |β〉 is fed in the imperfect beam-splitter the transforma-
tion from input modes {â†, b̂†} into the output modes {ĉ†, d̂†}, is the following,

|α〉a ⊗ |β〉b 7→
∣∣∣∣∣√να + β√

2
+
√

1− να− β√
2

〉
c

⊗
∣∣∣∣∣√να− β√2

+
√

1− να + β√
2

〉
d

, (6.17)

In the Hadamard-Walsh interpretation the input-output transformation is,[
|α〉 |β〉

] 1√
2

[
A B
A −B

]
= 1√

2

[
|Aα +Bβ〉
|Aα−Bβ〉

]
(6.18)

where A =
√
ν +
√

1− ν, and B =
√
ν −
√

1− ν.

The imperfect Hadamard-Walsh transform of order 1 is then, H ′ = 1√
2

[
A B
A −B

]
. Using

the method similar to the construction of any general Hadamard-Walsh transformation, we
construct this transformation of order n = logM ,

H ′n = H ′⊗n, (6.19)



where H ′0 = 1 and H ′1 = H ′.

6.4.1 Completeness & Soundness under Exp. Imperfection

Here, we restrict ourselves to the special case of M = 4 spatial modes (Fig 6.3). We apply
the imperfect Hadamard transformation on the input |αβββ〉. This results in,

|αβββ〉 7→ H ′2 |αβββ〉 = |δ1δ2δ3δ4〉 , (6.20)

where we obtain, δ1 = α+β(4ν−1)+2
√
ν(1−ν)(α−β)

2 , δ2 = δ3 = α−β+2
√
ν(1−ν)(α+β)
2 , and δ4 =

α−β(4ν−3)+2
√
ν(1−ν)(α−β)

2 . Adding the channel loss and limited detector-efficiency factor η,
the output δk 7→

√
ηδk, for all k.

Similar to the analysis without experimental imperfection, we detect the last 3 output
modes of the imperfect Hadamard interferometer, with the coherent state input being |αβββ〉.
The probability P∅ that none of the last 3 detectors clicks is,

P∅(α, β, ν, η,M = 4) =
4∏

k=2
[1− (1− exp(−η|δk|2))]

= exp
(
− η(2|δ2|2 + |δ4|2)

) (6.21)

Assigning to the detection event (none of the 3 detectors clicks) the value “0”, and to
other detection events (at least one of the 3 detectors clicks) the value “1”, we obtain a device
whose statistics mimic those of a projective measurement.

Completeness: When the states are the same, the correctness, which is the probability
of not obtaining the detection event “1” is,

cexp4 = P∅(α, α, ν, η, 4) = exp(−4η(1− ν2)|α|2) (6.22)

We observe that if ν = 1 (no imperfections), then cexp4 = 1, thus we obtain perfect complete-
ness. For the imperfection values of Table 6.1, we plot the cexp4 behaviour vs |α|2 in Fig 6.4,
and see that it is close to 1 for fairly small |α|2 values.

Comparison of Completeness with M = 2 scheme: The analogous completeness in
M = 2 scheme is,

cexp2 = P∅(α, α, ν, η, 2) = exp(−2η(1− ν)|α|2) (6.23)

From Eq.(6.23) and Eq.(6.22), we observe that cexp2 < cexp4 , which implies that the complete-
ness in the M = 4 scheme is less than the completeness in M = 2 scheme. However, the
reduction in completeness probability for M = 4 scheme is precisely what accounts for an
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Figure 6.4: Plot of the completeness probability (cexp4 and cexp2 ) vs average photon number in
the coherent state |α|2, for the M = 2 and M = 4 modes. The plot is under the experimental
imperfection values given in Table 6.1.

increase in soundness probability (when the local and reference states are different), which
we discuss in the next section.
Soundness: If the states are ε far apart in the trace distance, the probability of obtaining the
detection event “1” (soundness) is,

sexp4 = 1−exp
[
−η4

(
2
∣∣∣∣α− β + 2

√
ν(1− ν)(α+ β)

∣∣∣∣2 +
∣∣∣∣α− β(4ν − 3) + 2

√
ν(1− ν)(α− β)

∣∣∣∣2
)]

(6.24)
Now let us analyse Eq.(6.24) to see if we express the soundness with respect to the trace
distance. Using the equalities, |α + β|2 = 2|α|2 + 2|β|2 − |α − β|2 and α∗β + β∗α =
|α|2 + |β|2 − |α− β|2 we obtain,

sexp4 = 1− exp
[
− η

(3
4 − (1− ν2) + (2ν − 1)

√
ν(1− ν)

)
|α− β|2

− η
(

(4ν + 1)(1− ν) + (4− 2ν)
√
ν(1− ν)

)
|α|2

− η
(

3(1− ν)− (4− 2ν)
√
ν(1− ν)

)
|β|2

] (6.25)



The analogous soundness in M = 2 experimental imperfection scheme is,

sexp2 = 1− exp
[
− η

(
ν − 1

2

)
|α− β|2 − η

(
1− ν +

√
ν(1− ν)

)
|α|2

− η
(

1− ν −
√
ν(1− ν)

)
|β|2

] (6.26)

Comparing the soundness in the M = 4 experimental imperfection scheme with the M = 4
scheme, we observe that,

sexp4 > sexp2 ∀ε ∈ [0, 1] (6.27)

where ‖ |α〉 〈α|−|β〉 〈β| ‖tr > ε. The reasoning for the above equation is that when ε = 0, i.e.
when the test and reference states are the same, sexp4 = 1− cexp4 , and similarly sexp2 = 1− cexp2 .
From Eq.(6.23) and Eq.(6.22), sexp4 > sexp2 for ε = 0. Further, it can be verified that the
difference sexp4 − sexp2 is always positive for any visibility factor ν. Thus for the experimental
visibility factor as given in Table 6.1, Eq.(6.27) always holds.

In the absence of any experimental imperfections, it can be shown relatively easily that
the soundness s4 is always greater than s2. Our results with experimental imperfections also
show that even in imperfect M = 4 scheme sexp4 > sexp2 . Thus M = 4 outperforms M = 2
scheme in the soundness.

6.5 Optimality Test for Coherent States

A simple extension of the proof of [SZP+07] provides the optimality of the Hadamard
interferometer for approaching a projective measurement with coherent states.

6.5.1 Optimal POVM for Discrimination under the One-Sided Error

We first compute the expressions of optimal POVM for coherent state discrimination under
the one-sided error requirement.

Let Π0 and Π1 be a POVM for discriminating coherent states |α〉 and |β〉, when provided
a single copy of |α〉 and M − 1 copies of |β〉 (the proof of [SZP+07] assumes M = 2). The
operator Π0 corresponds to saying that the states |α〉 and |β〉 are the same, while the operator
Π1 corresponds to saying that they are different. These operators thus verify the following
conditions:

Π0, Π1 > 0, Π0 +Π1 = 1 and ∀α ∈ C, Tr
[
Π1 |α〉 〈α|⊗M

]
= 0, (6.28)

where the last condition is the one-sided error requirement. Integrating this condition over C
yields

0 =
∫
d2αTr

[
Π1 |α〉 〈α|⊗M

]
= Tr [Π1∆M ] , (6.29)



where we have defined
∆M =

∫
d2α |α〉 〈α|⊗M > 0. (6.30)

Note that the condition in (6.29) is equivalent to the one-sided requirement in (6.28) because
the operators Π1 and |α〉 〈α|⊗M are positive.

The operator M
π
∆M is actually a projector. This result can be obtained by writing the

state |α〉 in the Fock basis and an integration in polar coordinates, where α = rejθ. From
Eq. (6.30) we obtain

∆M =
∫
d2α exp[−M |α|2]

∞∑
ki,li=0
∀i∈[M ]

α
∑

i
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∑
i
li
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|k1 . . . kM 〉 〈l1 . . . lM |√
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∫ 2π
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dθ exp[jθ

∑
i
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= π
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∑
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k1! . . . kM !l1! . . . lM ! |k1 . . . kM 〉 〈l1 . . . lM |

= π

M
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N=0

∑∑
i
ki=N∑
i
li=N

M−N

√
N !

k1! . . . kM !

√
N !

l1! . . . lM ! |k1 . . . kM 〉 〈l1 . . . lM |

= π

M

∞∑
N=0
|χMN 〉 〈χMN |,

(6.31)
where we have defined for all N > 0,

|χMN 〉 = M−N/2 ∑∑
i
ki=N

√
N !

k1! . . . kM ! |k1 . . . kM〉. (6.32)

With the multinomial formula, we obtain 〈χMN |χMN 〉 = 1 for all N > 0, and since the states
|χMN 〉 have exactly N photons, we have 〈χMN |χMN ′〉 = δN,N ′ for all N,N ′ > 0. The states
|χMN 〉 thus are orthonormal and with Eq.(6.31), the operator M

π
∆M is a projector.

By Eq.(6.29), the supports of Π1 and M
π
∆M are disjoint, and by Eq.(6.28) we see that

Π0 + Π1 = 1, so the support of M
π
∆M is included in the support of Π0. The optimal

POVM {Πopt
0 , Πopt

1 } for state discrimination minimises the error probability, hence with the
one-sided error requirement Πopt

0 must have minimal support, meaning that

Πopt
0 = M

π
∆M =

+∞∑
N=0
|χMN 〉 〈χMN | and Πopt

1 = 1−Πopt
0 . (6.33)

Note that, with the same proof, this choice of POVM is also optimal in the generalised setting
where one is given M coherent states and is asked to test if all the states are identical or not.



6.5.2 Optimality of The Hadamard Interferometer

We show that the POVM {Πh
0 , Π

h
1 } corresponding to the Hadamard interferometer with a

threshold detection of the last M − 1 modes is optimal for coherent state discrimination
under the one-sided error requirement, i.e. that

Πh
0 = Πopt

0 , (6.34)

where Πopt
0 is defined in Eq.(6.33). We have

Πh
0 = H†nΠ

d
0Hn, (6.35)

where Hn is the Hadamard transform of order M defined in Eq.(6.8), with n = logM , and
Πd

0 = I ⊗ |0〉 〈0|⊗(M−1) is the POVM operator corresponding to the event where none of the
M − 1 threshold detectors clicks. We obtain

Πh
0 = H†n

(
I ⊗ |0〉 〈0|⊗(M−1)

)
Hn

=
+∞∑
N=0

H†n
(
|N〉 〈N | ⊗ |0〉 〈0|⊗(M−1)

)
Hn.

(6.36)

For k = 1 . . .M , we write a†k the creation operator for the kth mode. For all N > 0 we have

H†n
(
|N〉 ⊗ |0〉⊗(M−1)

)
= 1√

N !
H†n(a†1)N |0〉⊗M

= 1√
N !

(H†na
†
1Hn)N |0〉⊗M

= M−N/2
√
N !

(a†1 + · · ·+ a†M)N |0〉⊗M

= M−N/2
√
N !

∑
k1+···+kM=N

N !
k1! . . . kM ! (a

†
1)k1 . . . (a†M)kM |0〉⊗M

= M−N/2 ∑
k1+···+kM=N

√
N !

k1! . . . kM ! |k1 . . . kM〉

= |χMN 〉 ,

(6.37)

where we have used Hn |0〉⊗M = |0〉⊗M , H†nHn = 1, H†na
†
1Hn = a†1+···+a†M√

M
, the multinomial

formula, and Eq.(6.32). With Eqs[6.33,6.36], this concludes the proof.

6.6 Conclusion

We have presented the optimal scheme to discriminate two unknown coherent states under
one-sided error probability using linear optics implementation and single photon threshold



detectors. The implementation of this interferometer circuit is efficient and the threshold
detectors with high efficiency and ultra low dark counts are commercially available, with the
manufactures including PhotonSpot [SJZ+18] , SingleQuantum, IDQuantique.

This projective measurement implementation could act as a backbone in improving the
performance of a range of quantum protocols in communication complexity [BCWDW01,
dB04], cryptography and computational regimes [ABD+08, MKB05, WRD+06, HM13,
EAO+02, LMR13]. We have already mentioned one communication complexity task in
Chapter 3, computing Euclidean distance of two real vectors, an important problem with
applications in recommendation systems. The communication protocol using coherent
state fingerprints provides an asymptotic exponential savings in communication resources
[KDK17]. The performance of the protocol can be further improved by using the generalised
Hadamard interferometer scheme.

The Hadamard interferometer scheme with coherent states encoding can be set-up easily,
and to perform an order M transformation involves measuring the detector clicks of M − 1
output modes. In the applications, for which only the classical output statistics are sufficient,
we only restrict ourselves to measuring M − 1 output modes. However, there could be other
potential applications, where depending on the statistics we obtain in the M − 1 modes, we
want to perform an operation on the single unmeasured output mode which still is a quantum
state containing the information of the unknown input states. This is in contrast to the single
photon proposal by Chabaud et al [CDM+18], which requires a destructive measurement on
all the output modes to perform the state discrimination testing.



7 Conclusion and Future
Directions

In this thesis, we have we have focussed on designing protocols for quantum information
processing tasks that can be implemented with current photonic technologies.

In Chapter 3, we studied the Euclidean distance problem in simultaneous message passing
model. Euclidean distance is an important problem with applications in recommendation
systems. We proposed a multiplexed quantum protocol based on attenuated coherent states,
linear optics transformations, and single photon threshold detectors. This protocol performs
asymptotically better than the classical analogue in transmitted information resource, and
even outperforms the optimal classical protocol in time resource. A noteworthy feature of
the Euclidean Distance protocol studied in our work is that the communicating parties do not
need a memory to store their inputs and they do not perform global operations on them. In
other words, this protocol works also in the streaming scenario, where the parties receive
their inputs one bit at a time [NAS99]. We performed a proof-of-principle implementation of
protocol whose performance is limited by the threshold detectors. With the new technology
in superconducting detectors, the performance of our protocol dramatically increases. An
interesting future direction would be to further explore other quantum communication models.
More generally, expanding the family of distributed tasks in the coherent state communication
model studied in this work is important for demonstrating in practice quantum superiority in
a network setting.

In Chapter 4, we provided a first such example of a one way communication complexity
problem, the Sampling Matching, where we can experimentally demonstrate the quantum
advantage using coherent state fingerprints. A noteworthy feature of our proof-of-principle
implementation is the separation of the paths for Alice’s incoming pulse and Bob’s local
pulses and careful caliberation of the path lengths, contrary to the previous proposed sagnac
loop based implementations which introduces a possibility of cross-talk between the parties
during the protcol run. We also have a proposal to go from proof-of-principle implementation
to the full scale implementation by separating the laser sources of Alice and Bob. A typical
issue in going to full-scale implementation involves maintaining the stable phase across
the two paths. The phase fluctuation is typically due to the phase drift of the laser pulses
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traversing over the optical channel, and the internal jitter in the lasers. In our experiment,
we address the first source of fluctuation by introducing a phase correcting loop to track and
correct the phase drift. The second source of fluctuation can be addressed by having two
highly stable lasers (low line width ∼ kHz) [CLF+16]. A line of research using Sampling
Matching involves its applications as a crypto primitive, includig quantum money schemes
and sound verification for tasks such as NP-complete proofs [ADK17].

In Chapter 5, we introduced the quantum money as a cryptographic task using the
verification protocol based on the Sampling Matching quantum scheme. This framework
was experimentally motivated to facilitate an easy verification procedure in quantum money
scheme. The ease of verification allows for the Bank sending large input size notes, resulting
in higher noise tolerance in our scheme that what is realistically feasible with other quantum
money schemes. The scheme we have proposed has two rounds of classical interaction with
the Bank. We don’t see it as a problem because both rounds are classical interaction which
involve public broadcasting of information by Bank and verifier, thus posing no security
threat to the note. Future line of direction involves reducing the classical interaction to a
single round by removing the constraint of phase randomization and identifying the regions
of security.

In Chapter 6, we have presented the optimal scheme two discriminate two unknown
coherent states using linear optics implementation, the Sylvester-Hadamard interferometer
and single photon threshold detectors. The implementation of this interferometer circuit
is efficient and uses the 50/50 beam splitter. This projective measurement implementation
could act as a backbone in improving the performance of a range of quantum protocols in
communication complexity [BCWDW01, dB04], cryptography and computational regimes
[ABD+08, MKB05, WRD+06, HM13, EAO+02, LMR13]. The Hadamard interferometer
scheme with coherent states encoding can be set-up easily, and to perform an order M
transformation involves measuring the detector clicks of M − 1 output modes. In the
applications, for which only the classical output statistics are sufficient, we only restrict
ourselves to measuring M − 1 output modes. However, there could be other potential
applications, where depending on the statistics we obtain in the M − 1 modes, we want to
perform an adaptive operation on the single unmeasured output mode which is a quantum
state containing the information of the unknown input states.
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